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and Chern numbers. The one-dimensional winding number characterizes dy, and px wave super-
conductors. The Chern number characterizes chiral superconductors. The number of interfacial bound
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the Josephson junction. We also discuss relation between properties of the Andreev bound states at the
zero-energy and features of Josephson current at low temperature.
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1. Introduction

According to the topological classification of matter [1], a number
of unconventional superconductors have been categorized in terms of
nontrivial topological numbers [2,3] such as Z, number, Chern
number, and one-dimensional winding number. The non-
centrosymmetric superconductor [4,5] is topologically nontrivial when
the amplitude of spin-triplet helical-p wave order parameter is larger
than that of spin-singlet s wave one [6]. Such superconducting phase is
characterized by a topological number Z, = 1. The transport properties
of non-centrosymmetric superconductors are qualitatively different
depending on Z, number [7]. The spin-triplet chiral-p wave super-
conductivity in Sr,RuO,4 [8,9] is characterized by Chern numbers
n= +1 [10]. The Chern numbers here are referred to as Thouless-
Kohmoto-Nightingale-den Nijs (TKNN) number in solid state physics
[11]. The spin-singlet chiral-d wave (n= + 2) superconductivity has
been suggested in NayCoO, - yH,0O [12-15], heavy fermionic com-
pounds [16,17], graphene [18], high-T. superconductors [19,20], and
p—MNC [21]. Unconventional d,, wave symmetry in high-T. super-
conductors and py wave symmetry in the polar state in >He are
characterized by the one-dimensional winding number [22,23] which
we call Sato number in this paper.

The unconventional superconductors have subgap Andreev
bound states (ABSs) at their surface [24-28], which has been known
for some time. Such surface state is responsible for unusual low
energy transport in high-T, superconductors [29-35], chiral-p wave
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superconductor [36-41]. In particular in spin-triplet superconductors,
the surface states attract much attention these days because they are
recognized as Majorana fermion bound states [42-47]. The proximity
effect of spin-triplet superconductors is known to be anomalous
because of the penetration of the Majorana bound state into a normal
metal [48,49].

Today the presence of such surface bound state is explained in
terms of the bulk-boundary correspondence of topological super-
conductivity. According to the bulk-boundary correspondence, the
number of the surface bound state at the zero-energy would be
identical to the absolute value of topological number defined in
the bulk superconductor. In fact, this prediction has been con-
firmed in a number of theoretical studies. The validity of the bulk-
boundary correspondence should be confirmed also in Josephson
junctions.

In this paper, we discuss the number of zero-energy ABS at the
interface between two superconductors belonging to different
topological class by solving the Bogoliubov-de Gennes equation
analytically. We first study the interfacial states between two
superconductors belonging to different Sato numbers. Since defi-
nition of the Sato number requires the presence of the time-
reversal symmetry (TRS) of the junction, the zero-energy ABS
appears only when the phase difference across the junction (¢) is
0 or z. At =0 or =, we confirm that the number of the zero-
energy ABSs is equal to the difference of Sato numbers in the two
superconductors consistently with the bulk-boundary correspon-
dence. We also show that the Josephson current at the zero
temperature has large values near ¢ =0 or n because of the
resonant tunneling through ABS at the zero-energy. Next we
confirmed that the number of zero-energy ABSs appearing at the
interface between two different chiral superconductors is equal to
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the difference in the TKNN numbers in the two superconductors.
In contrast to d,, and p, cases, the ABSs at the zero-energy do not
directly affect the Josephson current between two chiral super-
conductors at low temperature. We also discuss the stability of =
state at the Josephson junctions just below superconducting
transition temperature T.

This paper is organized as follows. In Section 2, we discuss a
theoretical model of Josephson junction consisting two topological
superconductors. In Section 3, we study the interfacial ABS
between two superconductors characterized by different Sato
numbers. The number of the zero-energy ABS and the Josephson
effect are studied for two chiral superconductors in Section 4. We
summarize this paper in Section 5.

2. Model

Let us consider a Josephson junction consisting of two super-
conductors as shown in Fig. 1, where the electric current flows in
the x direction and the junction width in the y direction is L;. We
apply the periodic boundary condition in the y direction and
consider the limit of L; — co.

The Bogoliubov-de Gennes (BdG) Hamiltonian in momentum
space reads

. hlk) Ak) 0
M -0 - |

. 232

h(k) = &k60, &= Sm (2)

where ¢; for j=1-3 are the Pauli matrices, 6 is the unit matrix in
spin space, and y is the chemical potential. In this paper, we
consider the following pair potentials A(y)

Ai6y singlet s,

A2 cos(y) sin(y)ié, singlet dyy,

A cos(y)61 triplet p,, 3)
Aeig, singlet chiral,

Ael gy triplet chiral,

where 4 is the amplitude of the pair potential, —z/2 <y <z /2 is the
angle between the direction of the quasiparticle’'s motion and the
x-axis as shown in Fig. 1, ky=kr cos y(k, = kr siny) is the wave-
number on the fermi surface in the x (y) direction, and kf is the
Fermi wave number. The Sato number is defined for each angle
y and each spin sector in the presence of TRS. For spin-singlet
superconductors, the BAG Hamiltonian in Eq. (1) is block diagonal
in two Nambu space: N'1 and AM2. In N1, spin of electron-like
(hole-like) quasiparticle is 1 (]). On the other hand in A2, spin of
electron-like (hole-like) quasiparticle is | (1). In this paper, we
assume that d vector in the spin-triplet symmetry aligns along the
third axis in spin space. Under this choice, the BAG Hamiltonian in
Eq. (1) in the spin-triplet cases is also decoupled into &'1 and N 2.
In Table 1, we summarized the Sato number W(y) for d,, and py
superconductors.

Superconductor Superconductor

pe—=

Fig. 1. A schematic picture of the Josephson junction.

Table 1

The correspondence between pairing symmetry and the Sato number W. The
summary of the Sato number can be defined only in the presence of the time-
reversal symmetry for each direction of wave vector on the Fermi surface y and for
each Nambu space. The Sato number of s wave case is always zero (i.e., W;=0)
because s-wave superconductor is topologically trivial. For spin-singlet d,, sym-
metry, the Sato number Wy, depends also on the Nambu space indicated by A1
and A/2. The Sato number for spin-triplet py wave case W), is always unity for all y
and the two Nambu space. Here the superconducting phase is taken to be zero.

Angle Wi Wy, Wy,
N1 O<y<ax/2 0 1

—r/2<y<0 0 - 1
N2 O<y<nz/2 0 - 1

—n/2<y<0 0 1

In the chiral states, n in Eq. (3) must be an even integer number
for spin-singlet symmetry, whereas it should be an odd integer for
spin-triplet symmetry. The chiral-p, -d and -f wave symmetries are
characterized by the TKNN number n= + 1, +2 and + 3, respec-
tively. The TKNN number is defined in the absence of TRS. We note
that the s wave superconductor is topologically trivial. Thus both
the Sato number and the TKNN one are always zero in the s wave
superconductor.

The energy eigen values of Eq. (1) are E= +E, ., with

Er + =+/& + 141 1%, Ay =A(y), and A_ = A(z—y). All the pair poten-
tials in Eq. (3) satisfy |4, | =|A_|. In such case, the wave functions
in the left and the right superconductors in A1 are obtained as
[50]

Yi(x,y) =D VLS% } aeikx | VL:LL—:| pe-ikix
" VLIJS%_ ] Aekix |:VLUS:_+ } B eikfx:| elky )
Pr(x,y) = dg vest, } Cellix 4 v;;s:, ] De-ikix ek )
%(”%)’ Vf':\/%(l—%)’ @ =\/E-1aP, ®)
Ve Q? &= diag(en/%, 0%, ™

2m 1/2 2m 1/2
I<f={kf+?\/E2—|Aj|2} , kj’:{kf—?,/Ez—mj\z} . (3

where j=L (R) indicates the left (right) superconductor and ¢; is
the macroscopic phase of the superconductor. The coefficients A, B,
C, and D are the amplitudes of outgoing waves from the interface
and a and b are those of incoming waves. At the junction interface,
we introduce the potential barrier described by Vyé(x). The
boundary conditions for wave function become

¥1.(0,y) = ¥r(0,y), ©

n[d d
~5m |dx PRX, Y)x o0t “dx P1(X,Y)x—0- | +Vo¥r(0,y)=0. (10)

When we calculate the energy of the interfacial ABS, we put
a=b=0. Since we seek the ABSs for |E| < |4j], ¥1(x.y) (¥r(X,¥))
decays at x— —co(c0). The decay length is approximately given by
the coherence length &, =nve/(zA) with vg being the fermi
velocity. By using the boundary conditions in Eqgs. (9) and (10),
we obtain the relation among A, B, C, and D as_Y[A,B,C,D]' =0,
where [---]' is the transpose of [---] and |} is a 4 x4 matrix
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calculated from the boundary conditions. We define that Z(E) is
the determinant of ). It is expressed by

= —(1,2 2 % 2 2 ok
E(E)=(uf —ViS+S;_)(Ug—VESg, SR-)
21212 2 2
+|tn|“{Uf VRSR, SR- + Vi SL4-S]_UR
—1€ UL VST URVRSE, —v€ UL ViSE_URVRSR_), 11

where ¢ =¢;—@r (—n <@<n) is the phase difference across the
junction and t, =cosy/(cosy +izp) is the normal transmission
coefficient of junction with zy = V/ave. The energy of the ABS is
calculated from the condition of =Z(E) = 0.

When we discuss the Josephson current, we first calculate the
reflection coefficients of the junction. By eliminating C and D using
the boundary conditions in Eqgs. (9) and (10), we obtain a relation
between (a,b) and (A,B) as

A Tee Ten a
= 12
<B> <The Thh><b>’ (12
where 1. and 1., are the Andreev reflection coefficients and re,

and ry, are the normal reflection coefficients. The Josephson
current is calculated based on a formula [50]

J=5.TZ3¥

wny v QL

12
— (AL The=A]_TehlE— in,» (13)

1 ) )
2 2 ; —ip, 2
The = ;[\fnl {e"UFURVRSE, + €7 7V]S], S;_URVRSk-
—VUViSF, VESK, Sk —vuLViS_ud)

Foupvi{si_—s§, Hud—-vass, s}, (14)

1 . .
2 2 —ip,,2
Ten = ;[\fnl {€'"UF URVRSR- + €'’ V{S._S1 URVRSh,
2 % 2
—VULVLSL-VRSR SR——VULVLSL+ UR}
2 2 ok
ULV {S1+—Si- HUR—VRSky Sr-}, (15)

where wp=2n+ 1)zT is the Matsubara frequency. Here we
explain the definition of v appearing in Egs. (11)-(15). When the
two superconductors are in the spin-singlet symmetry, » become
1 for the two Nambu space A1 and A2. This is also true when the
two superconductors are in the spin-triplet symmetry. In these
cases, the energies of ABS obtained from Eq. (11) are degenerate in
the two Nambu space. As a result, the Y, gives rise a factor 2 in the
Josephson current in Eq. (13). When one superconductor is in the
spin-singlet symmetry and the other is in the spin-triplet one, we
take v=1in N1 and v=-1 in N2.
The Josephson current can be decomposed into a series of

J= §j J, sin(ng) + I, cos(ng). (16)
n=1

When two superconductors preserve the TRS, the coefficients I,
are usually zero. The normal transmission probability is defined by

1 /2
Tn= 7/ dy cos y|ta?. 17
2 ) zp

The coefficients J, are, roughly speaking, proportional to (Ty)" for s
wave Josephson junction. The lowest coupling J; is sensitive to the
pairing symmetries of two superconductors. For instance,
J1 vanishes when one superconductor is spin-singlet and the other
is spin-triplet.

3. Sato number

When the two superconductors are in the s wave symmetry, we
obtain the well known results of the energy of Andreev bound

EABS

states = + 55 and the Josephson current J,

esss = A/ 1=|tn|? sin’(p/2), (18)

A1 (72 .
Jsss :]Ogmln/z dy|tn|? cos y sin pA(es/s), (19)
A €
A(e)= = tanh [ﬁ] (20)
g 1 2e? WkF

Jo=5¢ry: Ry = 1 INNe

Ne=— (2])
T

where 4, is the amplitude of pair potential at T=0 and N, is the
number of propagating channels at the fermi level. The amplitude
of the critical current at T=0 is Jo in the s wave junctions [53].
There is no zero-energy ABS in the s/s junctions for [t,|<1
because the s wave superconductor is always topologically trivial.

When s wave superconductor is on the left and d,, wave one is
on the right, the equation for the energy of the Andreev bound
states is obtained as

2EV A2—F%2—A2|t,[?104]sin ¢ = 0. (22)

Here we approximately changes /A263-E* to VA?—E? with
04 = sin(2y). This approximation is possible because the presence
or absence of the zero-energy ABS is sensitive only to the sign
changing of pair potential on the fermi surface [28]. The energy of
the ABS in A'1 and that in A2 are identical to each other. We find
that EA® = ¢, and ¢, with

s/
€ 4. = Asin (2L 23
a, = Asin(=5), (23)
€5/q,, = ACOS (%) sgn {sin (aséﬂ)] (24)
sin(as/q,,) = [tn|*04 Sin . (25)

Since -z/2 <asq,, <7/2, eg/dxy does not become zero. At |t,| — 0, the
two superconductors are separated from each other and ¢; ; =0
for all y. Such zero-energy ABSs correspond to the surface bound
states of d,, wave superconductor. Namely there is one zero-
energy surface state for each Nambu space for each y, which is a
result of the bulk-boundary correspondence of isolated super-
conductors. At |t;|#0, a zero-energy state appears for each y and
each Nambu space only when ¢ = 0 or z. In Fig. 2(a), we show ej/dxy
as a function of y for several choices of ¢ at zg = 3. The number of
the zero-energy ABSs at ¢ =0 is equal to |Ws(y)-Wy, (y)|=1 for
each Nambu space. The zero-energy ABSs disappear for ¢+#0
because the Sato number is not well defined in the absence of
the TRS.

a b
0.04 F
¢/n=0.4
0.02 -

SL 0.2 S
T 0.00 =
o 0or1 -

2]

w

-0.02 -
Z5=3
Il 1 |
-0.5 0.0 0.5
y/n o/m

Fig. 2. The results for s/dy, junctions. The energy of the Andreev bound state €} Sy
is plotted as a function of y at zo = 3 in (a). The current-phase relationship is shown
in (b).
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In fact, the Josephson current flows through the junction
interface for ¢#0 as

A1

72 cos ylty|*07 sin(2e)
.]S/dxy =.]0 A:m A ,acl 0N

—/2 v 4 COS(aS/de)
X [A(eg/dxy)—A(eg/de )] (26)

The current-phase relationship (CPR) for T<T. becomes

]s/dxy = —sin(2¢)

A (AN? 1 (7% cosy|ta*0]
o3 (7) ot ], e @7

The lowest order coupling is absent (i.e., J; = 0) because s and d,,
wave pairing function are orthogonal to each other. At T=0, the
Josephson current becomes

Js/a,, = —€os(gp) sgn[sin(e)]
J 1 /2 d
: Om/_”/z !

The resonant transmission through the zero-energy ABSs mainly
contributes to the Josephson current at T=0. In fact, the Josephson
current becomes large at ¢ = 0 and =, and jumps as shown in Fig. 2
(b), where we plot the Josephson current as a function of ¢. We fix
Zo at 3, which leads to the normal transmission probability
Tn=~0.07. At T=0, the amplitude of the Josephson current is
roughly proportional to Ty as shown in Eq. (28), which is a result
of the resonant transmission through the ABS at the zero-energy.
The similar conclusion is obtained when we replace the spin-
singlet d,, wave superconductor by the spin-triplet p, wave one.
The energy of ABS is obtained as E"* =¢f, ~and e, . These
energies are given by : ’

€S 7|ty |?|04]

. (28)
1+ |ty |2104 sin(e)|

€3 p, = Asin (%) (29)
€5/p, = AcOs (as%) sgn [sin (as%)] , 30)
sin(asp, ) = vitn|*6p sin o, D

with 6, = cos y. We note that there are four dispersion branches in
the ABS because of the contributions from two Nambu space. The
zero-energy ABS appears only when ¢ =0 or z. The Josephson
current in this junction is given by Eq. (26) with 6;— 6.

As shown in Table 1, d,, wave and p, wave symmetries are
classified into the same Sato number for 0 <y <x/2 in N1 and
-n/2<y<0 in N2. In these cases, ABSs may not appear at the
zero-energy. On the other hand, two zero-energy ABSs are
expected for 0 <y <z/2 in N2 and —/2 <y <0 in M1 because
of Wy, —W,, | = 2. These prediction can be confirmed by consider-
ing the equation for energy of the ABS

2 202 _ g2 292 g2
[E +\/A203-E2\ /4202

+14%0,04 cos(p)] =0, (32)

E> -

[tn|?
2

where v=1 for N1 and v= -1 for N2. By substituting E=0, we
find |64| + v04 cos ¢ = 0. Therefore, at ¢ =0, the zero-energy ABS
appear for 0 <y <z/2 in N2, and for -z/2 <y <0 in A'1. To have

expressions of E*®, we estimate the term ,/A%03-E”/A%02—EF*

<A2|9p6d|—E2. Mathematically this approximation is justified for
y~nr/6. The sign changing of the pair potential is responsible for
the formation of ABS, which has already been taken into account
in Eq. (32). Although the approximation slightly modifies the y
dependence of the energy of ABS, it is not essential in the

following argument. As a result, we obtain E*S = ieaxy /p and

a
02F
¢/n=04 Zg=3
< 01
& N2 ™
F 00 )
(7]
w
0.1
I L= ]
0.5 0.0 0.5
y/m o/m

Fig. 3. The results for dy,/p, junctions at zo = 3. The energy of the Andreev bound
state + Szxy ™ is plotted as a function of y in (a). The current-phase relationship of
the Josephson current is shown in (b), where results for T=0.1T. are amplified
by 10.

3
dxy/ Px
2 -
[=]
=
L s/s
1
L s/ dyy
0k . |
0.0 0.1 0.2
T/T,

Fig. 4. The maximum value of the Josephson current is plotted as a function of
temperature. Here we choose zy = 3.

S 1
+e dhy /b with

€qy/p, = Altnl/10p8al COS(/2)O(1by). 33)
€. /p. = Altnl /10,041 sin(p/2)0(~10,). (34)

where ©(x) is the step function: ©=1 for 0<x and ©=0
otherwise. In Fig. 3(a), we show + efjxy/p at zo=3 and ¢ =0.4xz.

When we consider ¢ — 0, there are doubly degenerate ABSs at the
zero-energy for —z/2 <y <0in N1 and for 0 <y <z/2 in N'2. The
doubly degenerate dispersionless ABSs at the zero-energy drasti-
cally affect the Josephson current which is calculated to be

A 1 (72 | cosyltn|?1640p| sin @
Jagp, _JOAT);m/,”/z d 2
<[A(eq,, p)—Aleg, p,)) >

The expression of the Josephson current is given by
-Idxy/Px = —Si[l(2§[1)

A a\> 1 [
oy (1) o [,
for T<T.. The lowest coupling vanishes because one superconduc-
tor is spin-singlet and the other is spin-triplet (i.e., J; =0 in
Eq. (16)). At T=0, we find

Ja, p, = [sin(p/2)—c0s(p/2) sgn(e)]
1 /2
onm/—n/z dy €05 |tn| /1040p1 (37

In Fig. 3(b), we plot the Josephson current as a function of ¢ at
zo=3. At very low temperature, the Josephson current shows
unusual current-phase relationship and has large amplitude pro-
portional to /Ty around ¢=0. At ¢ =1, €, m, describes the

cos y|ta|*030;

96 ’ (36)
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doubly degenerate dispersionless ABSs at the zero-energy which
also contribute to the large Josephson current as shown in Fig. 3
(b). Tuning of ¢ at z is equivalent to the changing the sign of W,
in Table 1. In Fig. 4, we show the critical Josephson current as a
function of temperature for 0<T<0.2T, with zy=3. In this
temperature range, the maximum value of J;/ is saturates at jJo.
The results for J,q, and g, are much smaller than Jo for
T > 0.1T,. They increase rapidly with decreasing temperature for
T < 0.1T,. Such effect is known as the low-temperature anomaly of
the Josephson current [29,33].

4. TKNN number

In this section, we consider a junction which consists of two
chiral superconductors, where the TKNN number in the left
superconductor is n and that in the right one is m. We can
calculate the energy of ABS and the Josephson current without
any further approximations because the amplitude of the pair
potential |A(y)| is independent of y and TKNN numbers. We first
show the results of the energy of ABS and the Josephson current.
Secondly we count the number of zero-energy ABSs of the
junction. Then we discuss properties of the Josephson current.

We show the results for a junction which consists of two spin-
singlet chiral superconductors. In this case, the two TKNN numbers
(n in the left superconductors and m in the right one) are even
integer numbers. The energy of ABSs is obtained as EBS = €% with

€% = + Asgn[sin(X*} )] cos(X} ), (38)

a® + (n—m)y

X = =0

(39
€0os % = (1—|ty|%) cos{(n + m)y} + |ta|*> cOS ¢, (40)

where 0<a® <z. The Josephson current J. is also expressed in
terms of the energy of ABS

A1 2
Jee :JOAiom/_,,/z dy

x[siN(2X)A(E) + sin(2X)A(e)]. (41)

cos(y)|tn|? sin ¢
2 sin ac¢

Next we show the results for a junction where the two super-
conductors belong to the spin-triplet chiral states. The two TKNN
numbers (n in the left superconductors and m in the right one) are
odd integer numbers. We find the energy of ABS as E**® = ¢% with

€% = FAsgn[cos(X%} )] sin(X?), (42)
a® + (n—-m)y

xg = =200 (43)

cos a®® = (1—|tp|?) cos{(n + m)y}—|tn|? cos ¢. (44)

The Josephson current is calculated as
cos(y)|tn|? sin ¢

a1 2
foozfoA—Om/, 2 2sin g%
x[Sin(2X5)A(e)) + sin(2X%)A(e)]. (45)

Finally we show the results for a junction where the spin-singlet
chiral superconductor occupies the left hand side of the junction
and the spin-triplet chiral superconductor occupies the right hand
side. The TKNN numbers in the left superconductor n is an even
integer and that in the right one m is an odd integer number. We
find the energy of ABS is E"5S = €Y with

€% = FAsgn[cos(X) )] sin(X)), (46)

a,” + {(n-myy—=/2}

X% = 5 (47)
cos a®® = (1—|t,|?) sin{(n 4+ m)y} + |t,|?v sin ¢. (48)
The Josephson current becomes

A 1 (™2 | cos(y)|ty|>v cOS ¢
Jeo _Jofoyzzﬂm/ﬁ[/z d}/W

x[Sin(2XS)A(e?) + sin(2X2)A(e)], (49)

where v = + 1 indicates two Nambu space.

From the expression of the bound state energy, it is easy to
count the number of ABSs at the zero-energy. For example, we
consider the junction with both n and m being odd integers here.
At |t,| =0, the energies of the bound state become

€% = —Asgn(cos ny) sin ny, (50)

€% = Asgn(cos my) sin my, 1)

because of a% = (n + m)y. They represent the dispersion of the
surface bound states when the two superconductors are separated
from each other. It is easy to confirm that the number of the zero-
energy surface states of ¢ is |n| and that of ¢°° is |m|, which is a
result of the bulk-boundary correspondence for an isolated super-
conductor. At finite |t,], the solutions of €%’ =0 in Eq. (42) require

the relation
(n-myy\ _ Qoo
tan{T} = +tan (7) (52)

The left hand side of Eq. (52) goes positive infinity [n—m|/2 times
and goes negative infinity |[n—-m|/2 times within the interval of
—r/2<y<m/2. Since 0<aq <z, the right hand side of Eq. (52)
tan(ae,/2) remains positive value for all y. Thus the number of the
solutions of Eq. (52) is [n—m| which corresponds to the difference
in the TKNN numbers between the two superconductors. In Fig. 5,
we plot the left hand side of Eq. (52) with a solid line as a function
of y and the right hand side with two broken lines. In Fig. 5(a), we
choose n=1, m= -3, zo=0.5, and ¢ = 0.2z. The solid lines and two
broken lines cross four times, which means four the zero-energy

b

4.0

2.0

n=1 m=-3 n=1

m=3

Fig. 5. The left- and the right-hand side of Eq. (52) are plotted with a solid line and
two broken lines, respectively. We choose n=1, m = -3, zo=0.5, and ¢ = 0.2z in (a).
The parameters in (b) are n=1, m=3, zo =3, and ¢ = 1.37.



J. Yoo et al. / Physica E 55 (2014) 48-54 53

ABSs (i.e., 4 = |1—(=3)|). The number of the solutions independent
of junction parameters such as zp and ¢. In the lower panel in Fig. 5
(a), we illustrate the schematic picture of the chiral edge states at
[tn| = 0. The arrows indicate the direction of the chiral current. In
Fig. 5(b), we choose n=1, m=3, zo =3, and ¢ = 1.3z. The results
show that there are only two solutions (i.e., 2 = |1-3]). In the lower
panel, there are four chiral edges at |t,| = 0. The chiral current in
the left superconductor flows the opposite direction to that in the
right superconductor in this case. For finite |t,|, two chiral edge
currents opposite directions are cancel each other out and two ABS
remain at the zero-energy. Therefore we confirmed that the
number of the ABS at the zero-energy is [n—m| for each Nambu
space when the TKNN number of two superconductors are n and
m. The similar argument can be applied to Egs. (38) and (46). The
presence of [n—m| zeros has been suggested by the index theorem
[51,52]. Here we count the number of ZES by solving Eq. (11)
explicitly.

The Josephson current in Eqgs. (41) and (45) has a common
expression near T,

AA . 1
I=Jo AT sin (/’ml(n—m)(zﬂ)a (53)

/2
Inm(20) = / dr oSl cosin-my) (54)

where n and m are both even integer numbers or both odd ones.
The junction is stable at = phase difference in the case of I,_, <O0.
At zy =0, the integral for highly transparent junctions becomes

In-m(zo = 0) = ———— (=1)"™/2, 55
n m( 0 ) 1_(n_m)2( ) ( )
On the other hand in the tunneling limit zo>1, we find

4 —1)n-m/2
In-m(Zo>1) = — 1 (56)

z3 {(n-m)*~1}{(n-m)*-9} '

In Table 2, we indicate the stable state of the Josephson junctions
near T.. At n—m =4, r—state is stable in the highly transparent
limit and O-state is stable in the tunneling limit. Therefore the
junction undergoes the transition from z—state to O-state when
we decrease the transparency of the junction. Such junction can be
realized with chiral-d wave superconductor.

In contrast to Section 3, the ABSs at the zero-energy do not
directly affect the Josephson current at low temperature. At T=0,
Eq. (41) becomes

: ~7/2 2
_, sing €os(y)|tal
Jee=Jo 2Ty _/,,,/zd 2 sin a°
Sin(2X%%)  sin(2X*°)
. 7
" licosx%)] " Icos(X%) 0

Mathematically speaking, the zeros in the |cos(X® )| are cancelled
by the numerator. Instead of the zeros of E*BS, minima of sin % in
the denominator determine the amplitude of Josephson current at
low temperature. This property may come from the fact that the
ABSs have the dispersion as a function of y. The Josephson current

shows the logarithmic dependence of temperature at intermediate

Table 2

The stable states of the Josephson junction near T. are indicated by ‘0’ or ‘z’. Here n
and m are both even integer numbers or both odd integer numbers. As a
consequence, n—m becomes an even integer.

n-m 0 2 4 6 8 10
zo=0 0 0 T 0 T 0
Zo>1 0 0 0 T 0 4

temperature region between T=0 and T =T, [36,38]. This argu-
ment can be applied also to the Josephson current in Eq. (45).

When n is an even integer and m is an odd integer, the
Josephson current in Eq. (49) near T, becomes

. A [A\?
Joo = —sin2g)]y 2o (T)
/2

L cos(y)|ta|* cos{2(n—m)y}
2Tn ) a2 .

dr 96

(38)

The coefficient proportional to —sin(2¢) is positive in the limit of
both zo =0 and zp>1.

In Fig. 6, we show the maximum value of the Josephson current
Jc for n=2 and zg =5, where m is the TKNN number on the right
superconductor. The two superconductors belong to spin-singlet
symmetry. The results for m=-4, -2, 0, and 2 in Fig. 6
(a) monotonically increase with decreasing temperature. On the
other hand, the results for m=4, 6, and 8 in Fig. 6(b) show the
nonmonotonic temperature dependence. In particular, the results
for m=6 indicate the transition from O state to » state with the
decrease of temperature around T = 0.25T.. We also note that the
# state is stable for m=-4 and 8 all temperature range. The
nonmonotonic behavior of J. indicates the instability of the
junction between 0 and = states. For m=2, the Josephson current
takes its maximum at ¢ =0.55z at T=0. In another cases, CPR is
almost sinusoidal. The amplitudes of J. become smaller for larger
[n—m| because the integrand of Eq. (57) oscillates more frequently
as a function of y for larger |n—m.

In Fig. 7, we show the maximum value of the Josephson current
Jc for n=1 and zg =5, where m is the TKNN number on the right
superconductor. The results for m=-3, -1, 1, and 3 in
(a) monotonically increase with decreasing temperature. However,

(V)

Fig. 6. The Josephson critical current is plotted as a function of temperature for
Zo = 5. We fix TKNN number at n=2 in the left superconductor. The TKNN number
in the right superconductor is m.

Fig. 7. The Josephson critical current is plotted as a function of temperature for
Zo = 5. We fix TKNN number at n=1 in the left superconductor. The TKNN number
in the right superconductor is m.
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the results for m=7 show the nonmonotonic dependence on
temperature because of the O-r transition around T =0.2T..
Consistently with Table 2, the O state is stable at m#7 and zp>1
all temperature range.

5. Conclusion

We have studied the properties of the Andreev bound states
(ABSs) appearing at the junction interface between two unconven-
tional superconductors. We consider superconductors character-
ized by two types of topological numbers: the Sato number in
Section 3 and the TKNN number in Section 4. We confirmed that
the number of the ABSs at the zero-energy is identical to the
difference of topological numbers in the two superconductors. We
also discuss the effects of the ABSs at the zero-energy on the
Josephson current. The zero-energy ABSs directly contribute to the
low-temperature anomaly of the Josephson current when the two
superconductors characterized by the Sato number. On the other
hand, ABSs at the zero-energy do not directly affect the Josephson
current when the two superconductors characterized by the TKNN
number. In the latter case, we also found the 0-r transition as a
function of the transparency of the junction and temperature.
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