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Fulde-Ferrell-Larkin-Ovchinnikov state in a superconducting thin film attached
to a ferromagnetic cluster
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We study theoretically the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states appearing locally in a supercon-
ducting thin film with a small circular magnetic cluster. By solving the Eilenberger equation in two dimensions,
we calculate the pair potential, pairing correlations, free-energy density, and quasiparticle density of states for
various cluster sizes and exchange potentials. Increasing the exchange potential and cluster size leads to a higher
number of nodes in the pair potential. Although the free-energy density beneath the ferromagnet locally exceeds
the normal-state value, the FFLO states are stabilized by the superconducting condensate away from the magnetic
cluster. Analyzing the pairing-correlation functions, we show that the spatial variation of the spin-singlet
s-wave pair potential generates p-wave Cooper pairs. These odd-frequency Cooper pairs play a dominant
role in governing the inhomogeneous subgap spectra observed in the local density of states. Furthermore, we
propose an experimental method for the detection of local FFLO states by analyzing the quasiparticle density of
states.
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I. INTRODUCTION

In the presence of a Zeeman field, a spin-singlet Cooper
pair has center-of-mass momentum, causing the oscillation
in the superconducting pair potential in real space. These
oscillating superconducting states, known as Fulde-Ferrell [1]
(FF) and Larkin-Ovchinnikov [2] (LO) states, were proposed
in the 1960s but remained elusive until recently. Several exper-
iments have indicated the possibility of observing the FFLO
state in layered organic superconductors [3–10], FeSe [11,12],
and other materials [13,14]. Theoretical studies [15,16] have
suggested that the oscillation of the pair potential makes the
superconducting state unstable. On the other hand, the oscil-
lation of pairing correlations has been extensively discussed
in superconductor/ferromagnet (SF) junctions [17–21]. Al-
though the pair potential is absent in a ferromagnet, the
proximity effect allows nonzero pairing correlations. The suc-
cess of these studies highlights SF junctions as a suitable
system for investigating the nature of FFLO states. For in-
stance, in recent experiments [22–24], a superconducting state
with a significant exchange potential was achieved by creating
a hybrid structure consisting of a circular ferromagnetic clus-
ter attached to a thin superconducting film. This configuration
suggests the possibility of the formation of a localized FFLO
state within the superconducting region beneath the ferromag-
netic cluster.

The effects of magnetic objects embedded in a supercon-
ductor on superconducting states have been studied since the
1960s. It is well established that magnetic impurities decrease
the superconducting transition temperature Tc [25], form an
impurity band below the superconducting gap [26–29], and
are an element for realizing the topologically nontrivial su-
perconducting state [30,31]. These effects depend not only on
the impurity concentration and the amplitude of the magnetic

moments. The size of a magnetic object is also an important
factor. A pointlike magnetic impurity suppresses the pair po-
tentials locally but the suppression in not significant [32,33].
An finite-size magnetic cluster, on the other hand, changes the
sign of the pair potential [34–37]. In our previous paper [37],
we have shown that odd-frequency Cooper pairs surrounding
the magnetic cluster are responsible for the sign change of the
pair potential [38,39]. It is widely accepted that odd-frequency
Cooper pairs exist locally in various SF hybrid structures [40]
and play an essential role in various physical phenomena. For
instance, the Josephson current through a half-metallic ferro-
magnet [41–48] is attributed to odd-frequency pairs induced
in the ferromagnet. However, the effects of odd-frequency
Cooper pairs on the FFLO state are currently not well under-
stood. We address this issue in the present paper.

We study the characteristic features of the local FFLO
states in a superconducting thin film to which a circular mag-
netic cluster is attached (see Fig. 1). Using the Eilenberger
theory, we calculate the pair potential, the pairing correlation
functions, the free-energy density, and the quasiparticle local
density of states (LDOS) for several choices of the cluster

FIG. 1. Schematic illustration of the system. A thin film of an
s-wave superconductor is deposited on a circular-shaped magnetic
cluster. The radius of the magnetic cluster R0 is of the order of the
coherence length ξ0.
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size and exchange potential. The results indicate that the su-
perconducting condensate away from the magnetic segment
stabilizes the local FFLO states. We also conclude that odd-
frequency Cooper pairs support the sign change of the pair
potential in real space and govern the inhomogeneous subgap
spectra of the LDOS.

This paper is organized as follows. In Sec. II, we explain an
SF structure considered in this paper and theoretical tools to
analyze the superconducting state. We discuss the numerical
results in two dimensions in Sec. III. We also discuss numer-
ical results in one dimension in Sec. IV. The conclusions are
given in Sec. V.

II. MODEL AND FORMULATION

We consider the hybrid structure shown in Fig. 1. A circular
magnetic cluster is attached to an infinitely large supercon-
ducting thin film in the x-y plane. The effects of the magnetic
cluster are considered through the exchange potential proxim-
ities into the superconducting film,

V (r) = V0�(R0 − ρ)ez, (1)

where ρ =
√

x2 + y2 and R0 is the radius of the magnetic
cluster and �(ρ) is the Heaviside step function. Therefore,
ρ = R0 indicates the boundary between the magnetic segment
and the nonmagnetic segment on the superconducting thin
film.

We examine the properties of the superconducting states
utilizing the quasiclassical Eilenberger theory [49]. The
Green’s functions obey the Eilenberger equation:

ivF · ∇ǧ + [ iωnτ̌3 + Ȟ , ǧ]− = 0, (2)

ǧ =
(

ĝ f̂
− f̂

˜
−ĝ

˜

)
, Ȟ =

(V · σ̂ �̂

�̂
˜

V · σ̂∗
)

, (3)

where ǧ = ǧ(r, k, iωn) is the quasiclassical Green’s function
in the Matsubara representation, �̂(r) is the pair potential,
vF = vF k is the Fermi velocity, and we assume the junction is
in equilibrium. The undertilde function

K̂
˜

(r, k, iωn) ≡ K̂∗(r,−k, iωn) (4)

represents particle-hole conjugation of K̂ (r, k, iωn), where the
unit vector k points the direction of the Fermi momentum. In
this paper, the accents ·̌ and ·̂ mean matrices in particle hole
and those in spin space, respectively. The Pauli matrices in
these spaces are denoted by τ̌ j and σ̂ j with j ∈ {1, 2, 3}. The
identity matrices are represented by τ̌0 and σ̂0. Throughout
this paper, we use the system of units h̄ = kB = c = 1, where
kB is the Boltzmann constant and c is the speed of light.

The Eilenberger equation (2) can be simplified by the
Riccati parametrization [50–53]. The Green’s function can
be expressed in terms of the coherence function γ̂ =
γ̂ (r, k, iωn):

ǧ = 2

( Ĝ F̂
−F̂

˜
−Ĝ

˜

)
− τ̌3, (5)

Ĝ = (1 − γ̂ γ̂
˜

)−1, F̂ = (1 − γ̂ γ̂
˜

)−1γ̂ . (6)

The equation for γ̂ is reduced into the Riccati-type differential
equation:

(ivF · ∇ + 2iωn)γ̂ + (V · σ̂ )γ̂ − γ̂ (V · σ̂∗) − �̂+γ̂ �̂
˜
γ̂ = 0.

(7)

For a spin-singlet s-wave superconductor (�̂ = �iσ̂2) under
the exchange potential in Eq. (1), the anomalous Green’s
function and the coherence function are represented by

f̂ = i( f0 + f3σ̂3)σ̂2, f̂
˜

= −iσ̂2( f
0
+ f

3
σ̂3), (8)

γ̂ = i(γ0 + γ3σ̂3)σ̂2, γ̂
˜

= −iσ̂2(γ
0
+ γ

3
σ̂3), (9)

where f
0
(k) = − f ∗

0 (−k) and f
3
(k) = f ∗

3 (−k). Equation (7)
can be reduced to

vF · ∇γ0 + 2(ωnγ0 − iV γ3) − � + �∗[γ 2
0 + γ 2

3

] = 0, (10)

vF · ∇γ3 + 2(ωnγ3 − V γ0) + �∗[2γ0γ3] = 0, (11)

The coherence functions far from the magnetic cluster (i.e.,
ρ � R0), γ̄ (k, iωn) is calculated as

γ̄0 = �̄

ωn +
√

ω2
n + |�̄|2 , γ̄3 = 0, (12)

where ·̄ means the value in the homogeneous region. In this
paper, we assume the homogeneous superconductivity at ρ �
R0 [54].

The spatial profile of the pair potential is determined by the
solving the gap equation self-consistently

�(r) = 2λN0
π

iβ

ωc∑
ωn

〈 f0(r, k′, iωn)〉, (13)

λ = 1

2N0

[
ln

T

Tc
+

nc∑
n=0

1

n + 1/2

]−1

, (14)

where β = 1/T , Tc is the critical temperature, N0 is the den-
sity of the states (DOS) in the normal state at the Fermi
energy, ωc is the high-energy cutoff, and nc = [ωc/2πTc].
The angle average on the Fermi surface is denoted by
〈· · · 〉 = ∫ π

−π
· · · dϕk/2π , where kx = cos ϕk and ky = sin ϕk

with ϕk being the azimuthal angle in the momentum
space. The coordinate in real space is parametrized as r =
(ρ cos φr, ρ sin φr ). The LDOS can be calculated from the
diagonal parts of the Green’s function,

N (r, ε) = N0〈Tr[ĝ(r, k′, iωn)]〉|iωn→ε+iδ, (15)

where δ is the smearing factor.
The pairing correlation function is decomposed into four

dominant components. The spin-singlet s-wave component

f SW
0 (ρ, iω) = 1

2 〈Tr[(iσ̂2)† f̂ (ρ, k, iωn)]〉 (16)

is the most dominant far from the magnetic cluster and is
linked to the pair potential as shown in Eq. (13). The spin-
triplet s-wave component

f SW
3 (ρ, iω) = 1

2 〈Tr[(iσ̂3σ̂2)† f̂ (ρ, k, iωn)]〉 (17)

is generated by the exchange potential and belongs to an
odd-frequency symmetry class. In what follows, we focus on
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FIG. 2. Spatial profiles of the pair potential �(ρ ) and free-energy density F (ρ ) for (a) V0 = �̄, (b) 2�̄, and (c) 3�̄. The results are
normalized to their bulk values: �̄ and F̄ . The positive free-energy density means that the normal state is stabler than a superconducting state
locally. The vertical dotted lines indicate the places of nodes in the pair potential. The shaded areas indicate the area beneath the magnetic
cluster with R0 = 3ξ0. Local densities of states (LDOS) for (d) V0 = �̄, (e) 2�̄, and (f) 3�̄. The LDOS are normalized to N ′ = 2N0. Pairing
correlation functions for (g) V0 = �̄, (h) 2�̄, and (i) 3�̄. The solid (broken) lines indicate the results of even-frequency (odd-frequency) pairing
correlations. The temperature and the cutoff energy are set to T = 0.2Tc and ωc = 6πTc.

φr = 0 because these components are isotropic in real space
and independent of φr . In addition to s-wave components,
odd-parity p-wave components also appear in the FFLO state
since the spatial variation of the pair potential breaks inver-
sion symmetry locally [55]. Along the x axis, two px-wave
components are generated as a result of breaking inversion
symmetry in the x direction: spin-singlet px-wave component
f PW
0 and spin-triplet px-wave component f PW

3 defined by

f PW
ν (ρ, iω) = 1

2 〈2kxTr[(iσ̂ν σ̂2)† f̂ (ρ, k, iωn)]〉. (18)

The free-energy density F (r) can be calculated from the
Green’s function as [37,56,57]

F = F f + Fg, (19)

F f = πN0T
∑
ωn

〈�∗(r) f (r, k, iωn)〉, (20)

Fg = 4πN0T
ωc∑

ωn>0

∫ ω′
c

ωn

〈Re[g(r, k, iωn) − 1]〉, (21)

where the free-energy density is measured from its normal
value, F = FS − FN . In a homogeneous SC, the free-energy
density approaches F (ρ) → −F̄ at low temperature with
F̄ = N0�̄

2/2 being the condensation energy in the bulk.
In the numerical simulations, we fix the parameters ωc =

6πTc, T = 0.2Tc, δ = 0.01�̄, and ω′
c = 100�̄, with ξ0 =

h̄vF /2πTc being the coherence length.

III. NUMERICAL RESULTS

A. Pair potential and free-energy density

We first discuss the influences of the exchange potential
on the pair potential as shown in Figs. 2(a)–2(c), where the
spatial variations of the pair potential are plotted for V0/�̄ = 1
in (a), 2 in (b), and 3 in (c). The size of the magnetic cluster is
R0 = 3ξ0. The pair potential is almost homogeneous when the
magnetization is comparable to (or smaller than) the super-
conducting gap (i.e., V0 < �̄) as shown in Fig. 2(a). We refer
to this state as the zero-node state. For V0 = 2�̄ [Fig. 2(b)],
the pair potential is suppressed and changes its sign once
around ρ = 2ξ0 (one-node state). For V = 3�̄ [Fig. 2(c)],
the pair potential changes the sign twice (two-node state):
negative approximately at 1.0 < ρ/ξ0 < 2.1 and positive at
ρ/ξ0 < 1.0. Namely, the FFLO-like superconducting states
are realized locally (i.e., only beneath the magnetic cluster).

In the presence of the Zeeman field, the condition for
the uniform superconducting state is given by V0 < �̄/

√
2

[58,59]. The superconducting state for V0 = �̄ in Fig. 2(a),
however, goes beyond this limit. The pair potentials in
Figs. 2(a)–2(c) are self-consistently obtained as stable solu-
tions of the Eilenberger equation. Such local FFLO states
can be supported by the wide superconducting region outside
the cluster. To confirm the validity of this argument, we cal-
culate the free-energy density F (ρ) in Figs. 2(a)–2(c). The
vertical axis is normalized to the condensation energy in a uni-
form superconductor F̄ = �̄2N0/2 at zero temperature. The

064509-3



SUZUKI, SATO, GOLUBOV, AND ASANO PHYSICAL REVIEW B 108, 064509 (2023)

free-energy density outside the magnetic segment is negative
(smaller than the free-energy density in the normal state) and
approaches −F̄ for ρ � R0. Inside the magnetic segment,
on the other hand, the free-energy density becomes positive
locally. In particular, the free-energy density at V0 = �̄ in
Fig. 2(a) is always positive at ρ < R0. However, the total free
energy FTot = ∫

F dr is always negative because of the mas-
sive superconducting region outside the cluster. Figures 2(b)
and 2(c) show that introducing the nodes in the pair potential
reduces the free-energy density at ρ < R0 drastically. Even
so, the free energy at the magnetic segment Fin = ∫

r<R0
F dr

remains positive in the local FFLO states. At V0 = 2�̄ in
Fig. 2(b), F has a dip at ρ ∼ 1.9ξ0 that corresponds to the
place of the node in the pair potential. A similar behavior
appears also in the results for V0 = 3�̄ [Fig. 2(c)]. The nodes
in the pair potential and the dips in the free-energy den-
sity appear almost at the same place. This correspondence,
however, contradicts intuition: the free-energy density seems
have a peak (local maximum) around a node because the
quasiparticle excitations below �̄ are allowed. The results in
Figs. 2(b) and 2(c), however, show the opposite tendency. In
Sec. III C, we will explore this further and discuss how p-wave
Cooper pairs localize at the nodes of the s-wave pair potential,
influencing the behavior of the free-energy density.

B. Local density of states

The signatures of the local FFLO state are accessible
through the LDOS of a quasiparticle which can be measured
by the scanning tunnel spectroscopy (STS) technique. The
numerical results of the LDOS are shown in Figs. 2(d)–2(f),
where the exchange potentials are V0/�̄ = 1 in (d), 2 in (e),
and 3 in (f). The contour plots are shown as a function of the
energy of a quasiparticle E and the radius ρ.

At V0 = �̄, the pair potential is almost homogeneous as
shown in Fig. 2(a). The LDOS beneath the magnetic cluster
indicates the appearance of quasiparticle states below the gap.
The exchange potential pushes the coherence peaks down to
the subgap region (|E | < �̄) and broadens them in energy.
As a result, the LDOS is slightly enhanced around E = 0.7�̄.
These states are related to the Yu-Shiba-Rusinov state [26–28]
localized around a pointlike magnetic impurity [37]. The co-
herence peaks at |E | = �̄ can be found outside the magnetic
segment ρ > R0.

When the exchange potential increases to V0 = 2�̄ in (e),
the LDOS spectra show a complicated profile due to the
spatial variation of the pair potential. The sharp subgap peak
around E = 0.7�̄ exists for 0 < ρ < 1.8ξ0 and ρ > 2.3ξ0.
At the node of the pair potential ρ = 2ξ0, the subgap peaks
around E = 0.7�̄ are drastically suppressed and the LDOS
shows almost flat spectra as it does in the normal state.

The same tendency can also be seen in the results for
V0 = 3�̄ in Fig. 2(f). The spectra of LDOS for V0 = 3�̄ in (f)
become more inhomogeneous and complicated than those in
Figs. 2(d) and 2(e). At the outer node at ρ = 2.2ξ0, the spectra
are totally flat and LDOS does not have large peaks below the
gap. At the inner node at ρ = ξ0, however, the LDOS has a
peak at zero energy. In Sec. IV, we will discuss the LDOS
spectra being very sensitive to V0 using the one-dimensional
SF structure.

C. Pairing correlations

We display the pairing correlation functions in Figs. 2(g)–
2(i) for V0 = �̄, 2�̄, and 3�̄, respectively. The results are
calculated for the lowest frequency ω0 = πT . The spin-
singlet s-wave component for V0 = �̄ is always larger than the
other components and almost flat as shown in Figs. 2(g). Only
this component has a finite amplitude far from the magnetic
cluster. The two p-wave components show a broad peak at the
boundary (ρ = R0) as a result of the local inversion symmetry
breaking. The odd-frequency triplet s-wave component has a
relatively larger amplitude than the induced p-wave compo-
nents around the center.

It is possible to derive the Eilenberger equation for cor-
responding four coherence functions: γ SW

0 , γ PW
0 , γ SW

3 , and
γ PW

3 . The detailed results are displayed in the Appendix. The
equation following the first row of Eq. (A5),

vF kx
d

dx
γ SW

0 + 2ωnγ
PW
0 + 2V γ PW

3 = 0, (22)

indicates that the spatial variation of the pair potential
(spin-singlet s-wave superconductor) generates two p-wave
components γ PW

0 and γ PW
3 . In addition, the equation following

the second row of Eq. (A5),

vF kx
d

dx
γ PW

0 + 2ωnγ
SW
0 + 2V γ SW

3 = �, (23)

explains the appearance of the spin-triplet s-wave component
γ SW

3 even in a uniform pair potential. Here we summarize our
knowledge of the relation between the frequency symmetry of
Cooper pairs and their influence on the free energy and on the
quasiparticle LDOS.

(I) Usual even-frequency pairs indicate the diamagnetic
response to magnetic fields and favor the spatially uniform
superconducting phase at the ground state. On the other hand,
odd-frequency Cooper pairs are paramagnetic [60]. Therefore,
odd-frequency pairs increase the free energy of the uniform
ground state [61] and favor the spatial gradient of the super-
conducting phase [37].

(II) The LDOS has a gapped energy spectrum in the pres-
ence of even-frequency pairs, whereas it tends to have peaks
below the gap in the presence of odd-frequency pairs [62,63].

These properties qualitatively explain the characteristic be-
havior in the free-energy density and those in the LDOS.
The LDOS for V0 = �̄ in Fig. 2(d) shows the gaplike energy
spectra because even-frequency component f SW

0 is dominant
everywhere. When the exchange potential increases to V0 =
2�̄, a node appears in the pair potential. As a consequence, the
spatial profile of the pairing correlations drastically changes
as shown in Fig. 2(h). The two p-wave components have
peaks inside the boundary because the pair potential and the
exchange potential break the inversion symmetry locally. The
amplitudes of the two p-wave components are larger than
those in Fig. 2(g). The two spin-triplet components have
large amplitudes around the node of the pair potential. The
sign change of the pair potential is equivalent to the local
π -phase shift in the pair potential. According to the prop-
erty (I), odd-frequency spin-triplet s-wave components f SW

3
appear to decrease the free-energy density at the node of the
pair potential. The triplet p-wave component f PW

3 is the most
dominant at the node ρ = 2ξ0. As a consequence, LDOS at the
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node in Fig. 2(e) does not have large peaks below the gap. The
two odd-frequency components are the source of the subgap
peak at E = 0.7�̄ in Fig. 2(e) for 0 < ρ < 1.8ξ0. Outside the
magnetic segment, f SW

0 is a source of the coherence peak
at E = �̄ and f PW

0 assists the subgap peak at E = 0.7�̄.
The two components f SW

0 and f PW
3 seem to affect the LDOS

independently at ρ > R0.
In a two-node state at V0 = 3�̄, the pairing correlation

functions oscillate beneath the magnetic cluster more rapidly
as shown in Fig. 2(i). At the outer node ρ = 2.2ξ0, the two
spin-triplet components ( f PW

3 and f SW
3 ) have peaks. The spec-

tra of LDOS show the flat structure because the amplitude
of f PW

3 and that of f SW
3 are almost the same at the outer

node. Around the inner node at ρ = ξ0, the two odd-frequency
pairing correlations have larger amplitudes than the two even-
frequency pairing correlations. As a consequence, LDOS
has a peak at zero energy for 0.7ξ0 < ρ < 2.0ξ0. Therefore,
the relative amplitudes among the four correlation functions
govern the subgap spectra in the LDOS. When the odd-
frequency (even-frequency) pairing correlations are dominant,
the LDOS tends to have peak (gap) at E < �̄.

At the end of this subsection, we briefly summarize the two
properties of the local FFLO states. First, zero-energy peaks
appear at the edge of the ferromagnetic segment ρ = R0 in
Figs. 2(e) and 2(f). When V0 is close to a transition point
between the n-node and (n ± 1)-node states, the LDOS tends
to have a zero-energy peak at the boundary. However, this
zero-energy peak is not universal and depends on the ampli-
tude of the magnetization. We will further explore this issue
in Sec. IV.

Secondly, Eq. (22) implies that the spatial variation of the
singlet s-wave component (linked to the pair potential) gen-
erates two p-wave components. Simultaneously, we can state
that the p-wave pairing correlations drive the spatial variation
of the pair potential. Therefore, p-wave pairing correlations
are indispensable to realizing the FFLO states. This insight
is consistent with the fact that the FFLO states are fragile
against impurity scatterings [64–66]. To our knowledge, a
spin-singlet s-wave superconducting state is fragile when it
contains odd-frequency pairing correlations in the clean limit
[67,68].

D. Discontinuous transition

The spatial profiles of the pair potential with several radii
of the magnetic cluster are shown in Fig. 3(a), where we
choose R0/ξ0 = 3, 5, and 7 and V0 = 2�̄. The results indicate
that, if the radius of the magnetic cluster is large enough, the
multinode states appear even with a weak exchange potential.
In Figs. 3(b) and 3(c), we plot the pair potential at the center
of the ferromagnetic segment �c ≡ �(ρ = 0) as a function
of V0 [69], where the radius varies from R0 = ξ0 to 6ξ0 by
ξ0 with the corresponding offset and the temperature is set
to (b) T/Tc = 0.2 and (c) 0.1. The pair potential keeps the
homogeneous profile (i.e., �c ≈ �̄ without a node) until V0

reaches a critical value, which we define V1. At V0 = V1,
�c changes the sign abruptly, meaning that a node appears
in the pair potential. Each time �c changes the sign in Fig. 3,
the number of nodes in the pair potential changes by one.
The results show a relation V1 ≈ �̄ holds R0 > 2ξ0, which

FIG. 3. (a) Cluster-size dependence of pair potentials at V0 =
2�̄. (b),(c) Pair potential at the center of the magnetic cluster (ρ = 0)
as a function of the exchange potential V0. The radius of the cluster
varies from R = ξ0 to 6ξ0 by ξ0. The results are plotted with the offset
by (R0/ξ0 − 1)�̄. The horizontal broken lines indicate zeros. The
temperature is set to (a),(b) T = 0.2Tc and (c) 0.1Tc.

limits the validity of the theoretical model for a topologically
nontrivial superconducting nanowire [70,71].

We also find jumps in �c at V0 = V1 show the hystere-
sis between the two processes in the numerical simulation:
increasing and decreasing V0. The results for R0 = 3ξ0 are
displayed in Fig. 4, where we choose (a) T = 0.2Tc and
(b) 0.1Tc. The hysteresis loop is more prominent at a lower
temperature. We have confirmed that the hysteresis loop
appears also between the one- and two-node states if the
temperature is low enough.

Comparing Figs. 3(b) and 3(c), we see the discontinuous
behavior is the more remarkable at the lower temperature. The
first term of the Eilenberger equation (7) is [∂x + (2ξT )−1]γ̂
along the x coordinate, where we focus on the lowest Matsub-
ara frequency and ξT = h̄vF /2πT is the thermal coherence
length in the clean limit. In this case, the length scale of the
spatial variation of γ̂ is approximately given by ξT . In other
words, the spatial variation in the coherence functions are cor-
related within the range with πξ 2

T . At T = 0.1Tc, the thermal
coherence length becomes ξT = 10ξ0, which covers the whole
ferromagnetic segment. In this case, � prefers a homogeneous
profile as much as possible until V0 exceeds a critical value
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FIG. 4. Hysteresis loop of �c. The degree of the hysteresis is
more prominent for larger magnetic clusters and at lower tempera-
tures. The arrows indicate how the exchange potential is changed in
the numerical simulation. The radius of the island is set to R0 = 3ξ0.

because the influence of a node in the pair potential spreads
over a wide region of approximately πξ 2

T . Therefore, at low
temperature, the jump in �c is more abrupt. Figure 3 also
indicates that the discontinuity between the zero-node and
the one-node states is more remarkable for larger clusters. At
present, however, we cannot think of reasons for this tendency.

In Fig. 5, we display the pairing correlation functions by
changing the exchange potential gradually for R0 = 3ξ0. The
spatial profile of the spin-singlet s-wave component in the n-
node state is qualitatively different from those in (n ± 1)-node
states [Fig. 5(a)]. The spatial profiles of f appear to be insensi-
tive to V0 as long as the number of nodes in the pair potential
remains the same value. As a result, the calculated results

FIG. 5. Evolutions of pair amplitudes over magnetization.
(a) Even-frequency spin-singlet s wave, (b) odd-frequency triplet
s wave, (c) odd-frequency singlet p wave, and (d) even-frequency
triplet p wave are shown. The spatial profile of the pair potential is
qualitatively the same as those in (a), the principal component. The
magnetization varies from V0/�̄ = 0.5 to 4.0 by 0.1. The radius of
the island and the temperature are set to R0 = 3ξ0 and T = 0.1Tc. The
even-frequency components (a),(d) exhibit discrete behavior, while
the odd-frequency components (b),(c) vary gradually. The values of
V0 are given in the legend only for the thick lines.

for f SW
0 are bundled for each state. The same discontinuous

behavior appears in the even-frequency spin-triplet p-wave
component in Fig. 5(d). Such discontinuous behavior in the
pairing correlation functions is responsible for the jump of
the pair potential between the n-node state and (n + 1)-node
state. The spatial profile of the two even-frequency pairing
components is governed mainly by the number of nodes. The
two odd-frequency components in Figs. 5(b) and 5(c), on
the other hand, change gradually with increasing V0. Conse-
quently, odd-frequency pairs relax the effects of discontinuous
change in the pair potential at the transition point. This might
be a role of odd-frequency pairs in the FFLO states. The grad-
ual change of the odd-frequency pairing correlations causes
the gradual change of subgap spectra in the LDOS. We will
discuss this issue in Sec. IV.

IV. ANALYSIS IN ONE-CHANNEL MODEL

The one-channel model is represented by putting ky = 0 in
all the equations in Sec. II and describes a one-dimensional
superconducting structure including the exchange potential
of V (x) = V0�(L0 − |x|). Although the one-channel model is
not realistic, the characteristic behaviors in the LDOS in the
one-channel model are simpler than those in two dimensions.

The pair potential at the center of the system (i.e., �c =
�|x=0) is shown in Fig. 6(a), where L0 = 3ξ0 and T = 0.2Tc.
We focus on the several characteristic exchange potentials
indicated by the arrows: V0/�̄ = 0.8 (zero node), 1.1 (just
before the transition), 1.2 (just after the transition), 1.9 (one-
node state), 2.9 (just after the second transition), and 3.8
(two-node state). The spatial profile of the pair potentials in
Fig. 6(b) is qualitatively the same as those in the 2D case [see
Figs. 2(a)–2(c)]. We have also confirmed that the transition
between the one-node and two-node states becomes discon-
tinuous at a low temperature (the results are not shown). The
LDOS for the characteristic exchange potentials are shown
in Figs. 6(c)–6(h). The LDOS indicate that the quasiparticle
spectra are not simply determined by the number of nodes but
depend sensitively on the exchange potential. In the zero-node
state in Fig. 6(c), the LDOS at the interface (x = 3ξ0) has
peaks around |E | = 0.6 and that at the center of the magnetic
segment has peaks around |E | = 0.9. Just below the transi-
tion point to the one-node state, the LDOS at the boundary
(x = 3ξ0) has a peak at zero energy as shown in Fig. 6(d). The
zero-energy peak at the boundary can be seen also just above
the transition point in Figs. 6(e) and 6(g). At V0/�̄ = 1.9, the
one-node state is stable because the exchange potential is far
from the two transition points at V0/�̄ = 1.15 and 2.85 [see
Fig. 6(a)]. The corresponding LDOS [Fig. 6(f)] shows that the
spectra are flat N ≈ N0 at the node of the pair potential and
gapped at the boundary. The same behavior appears also for
the stable two-node states at V0/�̄ = 3.8 [Fig. 6(h)]. Although
the pair potentials for V0/�̄ = 1.2 and 1.9 have similar pro-
files, the subgap spectra [Figs. 6(e) and 6(f)] are qualitatively
different. As already discussed in Fig. 5, the spatial profiles of
the odd-frequency components for these states deviate from
each other. As a result, the subgap spectra in Figs. 6(e) and 6(f)
are totally different from each other according to property (II).
The spatial profiles of the odd-frequency components are very
sensitive to V0 and those for these two states are qualitatively
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FIG. 6. Results for the one-channel model. The length of the
ferromagnet and the temperature are set to L0 = 3ξ0 and T = 0.2Tc,
respectively. (a) Pair potential at the center of the system. (b) Spatial
profiles of the pair potential. (c)–(h) Local density of states. The
magnetization is set to the characteristic values indicated by the
arrows in (a): V0/�̄ = 0.8 (zero node), 1.1 (before the transition),
1.2 (after the transition), 1.9 (one-node state), 2.9 (after the second
transition), and 3.8 (two-node state). The vertical broken lines in
(c)–(h) indicate the position of the nodes.

different (the results are not shown but similar to those in
Fig. 5). Therefore, the subgap spectra shown in Figs. 6(e)
and 6(f) exhibit distinct differences, which can be attributed to
property (II). This discussion can be applied also to the LDOS
in the two two-node states shown in Figs. 6(g) and 6(h). Thus
the gradual changes of the odd-frequency pairing correlations
are responsible for the gradual changes in the LDOS.

V. CONCLUSION

We have theoretically studied the property of the Fulde-
Ferrell-Larkin-Ovchinnikov (FFLO) state which appears in
a superconducting thin film attached to a circular-shaped
magnetic cluster. By solving the quasiclassical Eilenberger
equation, we calculate the pair potential, free-energy den-
sity, the pairing correlation functions, and the local density
of states. The FFLO states are locally realized beneath the
ferromagnetic cluster as a stable solution of the self-consistent
gap equation. The free-energy density shows that the local
FFLO states are supported by the superconducting condensate
surrounding the magnetic cluster. As the exchange potential

increases, the number of nodes in the pair potential increases
one by one.

The spatial profiles of the even-frequency pairing corre-
lations are not sensitive to the exchange potential and are
determined mainly by the number of nodes in the pair poten-
tial. On the other hand, the odd-frequency pairing correlations
show a gradual change with increasing the exchange potential.
The local density of states is inhomogeneous in the local
FFLO state. In addition, the subgap spectra depend sensitively
on the exchange potential because the odd-frequency pairs
coexist with subgap quasiparticles.
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APPENDIX: ANALYSIS IN LINEARIZED EILENBERGER
EQUATION

It is possible to derive the Eilenberger equation for the
corresponding four coherence functions defined by

γ SW
0 = 1

2
{γ0(k) + γ0(−k)}, (A1)

γ PW
0 = 1

2
{γ0(k) − γ0(−k)}, (A2)

γ SW
3 = 1

2i
{γ3(k) + γ3(−k)}, (A3)

γ PW
3 = 1

2i
{γ3(k) − γ3(−k)}. (A4)

Here we assume that an s-wave (p-wave) component is the
most dominant in an even-parity (odd-parity) coherence func-
tion. The Eilenberger equation for these components results
in

vF k · ∇

⎡
⎢⎢⎢⎣

γ SW
0

γ PW
0

γ SW
3

γ PW
3

⎤
⎥⎥⎥⎦ + 2

⎡
⎢⎢⎣

0 ω 0 V
ω 0 V 0
0 −V 0 ω

−V 0 ω 0

⎤
⎥⎥⎦

⎡
⎢⎢⎢⎣

γ SW
0

γ PW
0

γ SW
3

γ PW
3

⎤
⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎣

2
(
γ SW

0 γ PW
0 − γ SW

3 γ PW
3

)
(
γ SW

0

)2 + (
γ PW

0

)2 − (
γ SW

3

)2 − (
γ PW

3

)2

2
(
γ SW

0 γ PW
3 + γ PW

0 γ SW
3

)
2
(
γ SW

0 γ SW
3 − γ PW

0 γ PW
3

)

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎣

0
�

0
0

⎤
⎥⎥⎦. (A5)

The pair potential is calculated from the spin-singlet s-wave
component γ SW

0 .
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