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We discuss a close relationship between a quasiparticle on the Bogoliubov Fermi surface and an odd-frequency
Cooper pair in a superconductor in which a Cooper pair consisting of two j = 3=2 electrons forms the pseudospin-quintet
even-parity pair potential with breaking time-reversal symmetry. It has been established in a single-band superconductor
that a low-energy quasiparticle below the superconducting gap accompanies an odd-frequency Cooper pair. In this
paper, we show that an odd-frequency pair characterized by chirality coexists with a quasiparticle on the Bogoliubov
Fermi surface. The symmetry of odd-frequency Cooper pairs is analyzed in detail by taking realistic pair potentials into
account in a cubic superconductor.

1. Introduction

Although gapped energy spectra at the Fermi level (zero
energy) are a fundamental property of a superconductor,
various quasiparticle states exist in subgap energy region
such as a quasiparticle state at nodes of an unconventional
superconductor, that at a vortex core,1,2) and a zero-energy
state at a surface of a topologically nontrivial super-
conductor.3,4) The last one has been a hot issue in condensed
matter physics in this decade. The Bogoliubov Fermi surface
(BFS) represents a novel type of subgap state in an even-
parity superconductor which breaks time-reversal symmetry
spontaneously.5,6) The properties of a quasiparticle on BFS
have attracted much attention because the evidence for time-
reversal symmetry breaking superconducting state has been
reported in a number of unconventional superconductors
such as uranium compounds,7,8) a ruthernate Sr2RuO4,9) a
skutterudite PrOs4Sb12,10) and a transition metal dichalcoge-
nide.11) The internal degree of freedom of an electron (orbital
or sublattice) plays a key role in stabilizing the BFS.
Therefore the issue is related to multiband superconductivity
in pnictides,12) and in topological superconductivity,13) and
superconductivity due to a Cooper pair consisting of two
j ¼ 3=2 electrons.14,15) At present, however, the physics of a
quasiparticle on the BFS has not been explored yet.

In a single-band unconventional superconductor, a topo-
logically protected quasiparticle at zero energy always
accompanies an odd-frequency Cooper pair16–18) and modi-
fies drastically low energy transport properties in super-
conducting proximity structures.19,20) In the mean-field theory
of superconductivity, a quasiparticle and a Cooper pair are
described by the normal Green’s function and the anomalous
Green’s function, respectively. Since the two Green’s
functions are related to each other through the Gor’kov
equation, the singularity in the normal Green’s function at
zero energy is compensated by an odd-frequency Cooper
pairing correlation in the anomalous Green’s function.21) In a
two-band=orbital superconductor, the existence of the BFS
enhances the subgap spectra in the density of states.
Therefore, a quasiparticle on the BFS is considered to
generate an odd-frequency Cooper pair. In this paper, we will
show that this reasoning is correct.

Following a general argument in Ref. 5, we consider a
superconducting state preserving inversion symmetry and

breaking time-reversal symmetry in a metal consisting of
j ¼ 3=2 electrons near the Fermi level. We assume that
the pair potential belongs to s-wave pseudospin-quintet
symmetry class. The stability of BFS is described by the
negative values of the Pfaffian defined in terms of
Bogoliubov–de Gennes (BdG) Hamiltonian.6) The appear-
ance of an odd-frequency Cooper pair is described by the
anomalous Green’s function. Odd-frequency pairing is a
broader concept than the formation of the Bogoliubov
Fermi surface. Indeed, the latter requires both the time-
reversal symmetry breaking superconducting states and the
internal degree of an electron, whereas the former does not.
Thus the Bogoliubov Fermi surface could be characterized
by the appearance of an odd-frequency Cooper pair with
special properties. We analyze characters of odd-frequency
Cooper pairs which appear under the promising pair
potentials in a cubic superconductor. An induced odd-
frequency pair can be described by using chirality which is
a measure that represents the breaking down of time-
reversal symmetry.

2. Bogoliubov Fermi Surface

We begin our analysis with the normal state Hamiltonian
adopted in Ref. 6. The electronic states have four degrees of
freedom consisting of two orbitals of equal parity and spin
1=2. The Hamiltonian describes effective j ¼ 3=2 electrons in
the presence of strong spin–orbit interactions22)

HN ¼
X
k

�
y
k HNðkÞ�k; ð1Þ

�k ¼ ½ck;3=2; ck;1=2; ck;�1=2; ck;�3=2�T; ð2Þ
where T means the transpose of a matrix and ck; jz is the
annihilation operator of an electron at k with the z-component
of angular momentum being jz. The normal state Hamiltonian
is represented by

HNðkÞ ¼ �k2 þ �ðk � JÞ2 � � ¼ �k 14�4 þ ~�k � ~� ð3Þ

with �k ¼ �k;0 � � and

�k;0 ¼ � þ 5

4
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� �
k2; �k;1 ¼ �

ffiffiffi
3

p
kx ky; ð4Þ

�k;2 ¼ �
ffiffiffi
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p
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ffiffiffi
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ffiffiffi
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2
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where ~�k represents a five-component vector and J ¼
ðJx; Jy; JzÞ is the spinor with j ¼ 3=2,

Jx ¼
1

2

0
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 2 0

0 2 0
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

266664
377775; ð7Þ

Jy ¼
1

2

0 �i
ffiffiffi
3

p
0 0

i
ffiffiffi
3

p
0 �2i 0

0 2i 0 �i
ffiffiffi
3

p

0 0 i
ffiffiffi
3

p
0

266664
377775; ð8Þ

Jz ¼
1

2

3 0 0 0

0 1 0 0

0 0 �1 0

0 0 0 �3

266664
377775: ð9Þ

The 4 � 4 matrices in pseudospin space are defined as

�1 ¼ 1ffiffiffi
3

p ðJxJy þ JyJxÞ; �2 ¼ 1ffiffiffi
3

p ðJyJz þ JzJyÞ; ð10Þ

�3 ¼ 1ffiffiffi
3

p ðJzJx þ JxJzÞ; �4 ¼ 1ffiffiffi
3

p ðJ2x � J2y Þ; ð11Þ

�5 ¼ 1

3
ð2J2z � J2x � J2y Þ; ð12Þ

and 14�4 is the identity matrix. They satisfy the following
relations

�� �	 þ �	 �� ¼ 2 � 14�4
�;	; ð13Þ

�1 �2 �3 �4 �5 ¼ �14�4; ð14Þ

f��g� ¼ f��gT ¼ UT �
� U�1

T ; UT ¼ �1 �2; ð15Þ
where UT is the unitary part of the time-reversal operation
T ¼ UTK with K meaning complex conjugation. The
relations displayed in Eqs. (13)–(15) are particularly impor-
tant to reach the conclusions. The superconducting pair
potential is represented as

�ðkÞ ¼ ~�k � ~�UT; ð16Þ

where a five-component vector ~�k represents an even-parity
pseudospin-quintet state. As a result of the Fermi–Dirac
statistics of electrons, the pair potential is antisymmetric
under the permutation of two electrons, [i.e., �TðkÞ ¼
��ð�kÞ].

The existence of BFS is discussed by using the Pfaffian
PðkÞ of the BdG Hamiltonian,

HBdGðkÞ ¼
HNðkÞ �ðkÞ
��fðkÞ �HfNðkÞ

" #
; ð17Þ

where Xfðk; i!Þ � X�ð�k; i!Þ represents the particle–hole
conjugation of Xðk; i!Þ. Since zeros of the Pfaffian give the
zeros of the excitation spectrum, the sign change of Pfaffian
at a certain region in the Brillouin zone indicates the
existence of quasiparticle states there. A general expression
of Pfaffian given in Eq. (25) in Ref. 5 is nonnegative for both
the normal state and the superconducting states preserving
time-reversal symmetry. Unfortunately, it is not easy to
obtain the analytical expression for the solutions of PðkÞ < 0.
We focus on a promising case of

~�k � ~�k ¼ 0; ð18Þ

under which the intraband pair potentials have nodes on the
Fermi surface.5) Indeed, numerical results showed that the
BFSs exist around the nodes of the pair potentials.5) The
Pfaffian in such case is represented by,

PðkÞ ¼ ð�k;þ �k;� þ j~�kj2Þ2

� 4
X

n>m>0

j�k;nj2j�k;mj2 sin2ð�k;n � �k;mÞ; ð19Þ

�k;� ¼ �k � j~�kj; �k;n ¼ �Rek;ne
i�k;n ; ð20Þ

where �k;� ¼ 0 characterizes the Fermi surface in the normal
state, �Rek;n is a real function and �k;n represents a phase of the
nth component. The Pfaffian can be negative when the
second term dominates the first one. Although the first term is
positive, the components of ~�k can decrease the first term to
be smaller than j~�kj2. The second term remains finite only
when the pair potential consists of more than one component
and the relative phase of them �k;n � �k;m remains finite. It is
easy to confirm that such a superconducting state breaks
time-reversal symmetry T�ðkÞ T �1 ≠ �ðkÞ.

3. Odd-Frequency Cooper Pair

The Green’s function for a superconducting state can be
obtained by solving the Gor’kov equation

½i!n �HBdGðkÞ�
Gðk; i!nÞ Fðk; i!nÞ

� Ffðk; i!nÞ �Gfðk; i!nÞ

" #
¼ 18�8:

ð21Þ
The anomalous Green’s function which represents the pairing
correlation is calculated as

Fðk; i!nÞ ¼ ½�fþ ði!n þ HfNÞ��1ði!n �HNÞ��1; ð22Þ

¼ �½�f� � !2
n � HfN ��1 HN �

þ i!n�
�1ð� HfN � HN �Þ��1: ð23Þ

Thus the pairing correlation belonging to odd-frequency
symmetry class exists when the relation

� HfN �HN � ≠ 0; ð24Þ

is satisfied. In the present situation, we find HfN ¼ HT
N in

Eq. (3). Equation (24) is satisfied around the BFS because
~�k ≠ 0, ~�k ≠ 0 and Eq. (18) hold true simultaneously.23) The
condition in Eq. (24) is realized in a multi-band=orbital
superconductor often.24,25) It is not easy to have an analytical
expression of the pairing correlation function in Eq. (22).
Here, we assume that the temperature is near the transition
temperature Tc so that the relation j~�kj 	 Tc holds true.
Within the first order of j~�kj=Tc 	 1, the anomalous Green’s
function is calculated to be

Fðk; i!nÞ ¼ Fevenðk; i!nÞ þ Foddðk; i!nÞ; ð25Þ

Fevenðk; i!nÞ ¼
�1
ZN

ð!2
n þ �2k � j~�kj2Þ~�k � ~�UT; ð26Þ

Foddðk; i!nÞ ¼
�i!n

ZN
½~�k � ~�; ~�k � ~��� UT; ð27Þ

ZN ¼ ð!2
n þ �2k;þÞð!2

n þ �2k;�Þ; ð28Þ
with ½a; b�� being the commutator, where we have
considered Eq. (18). The first term Feven belongs to
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pseudospin-quintet even-parity symmetry class and is linked
to the pair potential. The second term Fodd belongs to odd-
frequency symmetry class and satisfies the relations,

Foddðk;�i!nÞ ¼ �Foddðk; i!nÞ; ð29Þ
Foddð�k; i!nÞ ¼ Foddðk; i!nÞ; ð30Þ

FT
oddðk; i!nÞ ¼ Foddðk; i!nÞ: ð31Þ

An odd-frequency Cooper pair exists regardless of whether
time-reversal symmetry is preserved or broken. Namely, the
condition for the appearance of an odd-frequency pair in
Eq. (24) is looser than that of a quasiparticle on the BFS.
Therefore, a quasiparticle on the BFS could be relating to the
special case of an odd-frequency pair.

4. Odd-Frequency Pairs on Bogoliubov Fermi Surface

The characters of an odd-frequency pair coexisting with a
quasiparticle on the BFS can be analyzed by assuming a
practical pair potential breaking time-reversal symmetry.6)

We here focus on even-parity s-wave order parameters in
cubic superconductors.5) We list the possible pairing states in
a cubic structure in Table I. We chose the coordinate axes to
be coincide with the cubic axes.26) In s-wave symmetry, only
the singlet and the quintet pair potentials satisfy the
antisymmetric relation due to the Fermi statistics of electrons
�ðkÞ ¼ ��Tð�kÞ. The time-reversal symmetry breaking
order parameters are allowed in pairing states described by
two and three dimensional irreducible representations (irrep)
in cubic symmetry Oh,

Eg : �ðkÞ ¼ �ðh3z2�r2�3z2�r2 þ hx2�y2�x2�y2Þ ð32Þ

¼ �ðh3z2�r2�5 þ hx2�y2�
4ÞUT; ð33Þ

T2g : �ðkÞ ¼ �ðlyz�yz þ lzx�zx þ lxy�xyÞ ð34Þ
¼ �ðlyz�2 þ lzx�

3 þ lxy�
1ÞUT; ð35Þ

where the Eg and T2g pair potentials are characterized by
the vectors h ¼ ðh3z2�r2 ; hx2�y2Þ and l ¼ ðlyz; lzx; lxyÞ, respec-
tively. The analysis of free energy suggests that the stable
solutions breaking time-reversal symmetry are realized at
h ¼ ð1;�iÞ, l ¼ ð1;�i; 0Þ, l ¼ ð1; e2
i=3; e�2
i=3Þ, and their
equivalent solutions under cubic symmetry.15,27,28) In the
following, we discuss the odd-frequency pairing correlations
associated with those time-reversal symmetry breaking pair
potentials.

4.1 Eg pairing order
We consider the time-reversal symmetry breaking pair

potential with h ¼ ð1; i�Þ for an Eg symmetry. The pair
potential is given by

�ðkÞ ¼ �ð�3z2�r2 þ i��x2�y2 Þ ¼ �ð�5 þ i��4ÞUT; ð36Þ

where � ¼ �1 indicates chirality of the pair potential. The
corresponding odd-frequency pair is given by substituting
Eq. (36) to the odd-frequency component in Eq. (27),

Foddðk; i!nÞ ¼
�i!n�

ZN
½�5 þ i��4; ~�k � ~��� UT: ð37Þ

An induced odd-frequency pairing correlation inherits the
chirality of the pair potential. The resulting odd-frequency
pairing correlation consists of triplet and septet states. This
statement can be confirmed by decomposing Eq. (37) into the
irreducible spin matrices in Table I.29) The details are
relegated to Appendix. The odd-frequency pairing correlation
is represented as

Foddðk; i!nÞ ¼
�2i!n�

ZN

�
�ffiffiffi
5

p ½�k;2J1 þ �k;3J2 � 2�k;1J3 þ i�
ffiffiffi
3

p
ð�k;3J2 � �k;2J1Þ�

� �

2
ffiffiffi
5

p ½�k;2W1 þ �k;3W2 � 2�k;1W3 þ i�
ffiffiffi
3

p
ð�k;3W2 � �k;2W1Þ�

þ �

2
½

ffiffiffi
3

p
ð�k;2W4 � �k;3W5Þ þ i�ð�k;2W4 þ �k;3W5 � 2�k;1W6Þ� þ �ð�k;5 þ i��k;4ÞW7

�
: ð38Þ

The first line in Eq. (38) describes chiral odd-frequency triplet pairs. All the remaining terms describe chiral odd-frequency
septet pairs. The emergence of the odd-frequency septet pairs features superconductivity of j ¼ 3=2 fermions. It would be
worth mentioning that the last term is proportional to an octopolar magnetic order parameter coming from the time-reversal-
odd gap product.5) Therefore, chiral odd-frequency septet pairs are related to a nonunitary pairing state.

Table I. Possible pairing states in cubic superconductors of j ¼ 3=2 fermions, which are decomposed into irreducible representations (irrep) of cubic
symmetry (Oh). Here, 14�4 �UT corresponds to a basis of singlet state, ðJ1;J2;J3Þ to triplet states, ð�yz;�zx;�xy;�x2�y2 ;�3z2�r2 Þ to quintet states, and
ðW1;W2;W3;W4;W5;W6;W7Þ to septet states. In this paper, we consider even-parity s-wave order parameters [�ðkÞ ¼ �]. The singlet and quintet pair can
exist and form the potentials belonging to even-frequency symmetry because of � ¼ ��T. On the other hand, the triplet and septet Cooper pairs cannot form
the pair potentials because the permutation of two pseudospins in these states, � ¼ �T, contradicts the requirement from the Fermi–Dirac statistics of electrons.
Thus even-parity triplet pairs and even-parity septet pairs only appear as the pairing correlations belonging to odd-frequency symmetry class.

Irrep of Oh Basis Pairing

A1g 14�4 �UT singlet
A2g W7 ¼ 1=

ffiffiffi
3

p
ðJxJyJz þ JzJyJxÞ �UT septet

Eg ð�x2�y2 ;�3z2�r2 Þ ¼ ½1=
ffiffiffi
3

p
ðJ2x � J2y Þ; 1=3ð2J2z � J2x � J2y Þ� �UT quintet

T1g ðJ1;J2;J3Þ ¼ ð2=
ffiffiffi
5

p
Jx; 2=

ffiffiffi
5

p
Jy; 2=

ffiffiffi
5

p
JzÞ �UT triplet

ðW1;W2;W3Þ septet
¼ 2

ffiffiffi
5

p
=3½ðJ3x � 41=20JxÞ; ðJ3y � 41=20JyÞ; ðJ3z � 41=20JzÞ� �UT

T2g ð�yz;�zx;�xyÞ quintet
¼ 1=

ffiffiffi
3

p
½ðJyJz þ JzJyÞ; ðJzJx þ JxJzÞ; ðJxJy þ JyJxÞ� �UT

ðW4;W5;W6Þ septet
¼ 1=

ffiffiffi
3

p
½fJx; ðJ2y � J2z Þg; fJy; ðJ2z � J2x Þg; fJz; ðJ2x � J2y Þg� �UT
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4.2 T2g pairing order (chiral state)
In the case of T2g symmetry, time-reversal symmetry breaking states are classified into two types: chiral state l ¼ ð1; i�; 0Þ

(� ¼ �1) and cyclic state l ¼ ð1; !; !�1Þ (! ¼ ei2
=3). They are sixfold and eightfold degenerate, respectively.5) We first
examine odd-frequency pairs associated with the chiral state, whose pair potential is given by

�ðkÞ ¼ �ð�zx þ i��yzÞ ¼ �ð�3 þ i��2ÞUT: ð39Þ

We find that the resulting odd-frequency pairing correlation in such a chiral superconductor

Foddðk; i!nÞ ¼
�i!n�

ZN
½�3 þ i��2; ~�k � ~��� UT; ð40Þ

also inherits the chirality of the pair potential. The odd-frequency pairs can be decomposed into triplet and septet pairing states
as

Foddðk; i!nÞ ¼
�2i!n�

ZN

�
�ffiffiffi
5

p ½��k;1J2 � ð�k;4 þ
ffiffiffi
3

p
�k;5ÞJ1 � i�ð�k;1J1 � ð�k;4 �

ffiffiffi
3

p
�k;5ÞJ2Þ�

þ �

2
ffiffiffi
5

p ½�4�k;1W2 þ ð�k;4 þ
ffiffiffi
3

p
�k;5ÞW1 � i�ð4�k;1W1 þ ð�k;4 �

ffiffiffi
3

p
�k;5ÞW2Þ�

þ �

2
½ð�k;5 �

ffiffiffi
3

p
�k;4ÞW4 � i�ð�k;5 þ

ffiffiffi
3

p
�k;4ÞW5�

þ �ffiffiffi
5

p ð�k;3 þ i��k;2ÞðJ3 þ 2W3Þ
�
: ð41Þ

The last term in Eq. (41) is proportion to 4J3z � 7Jz, which again describes the time-reversal-odd gap product.

4.3 T2g pairing order (cyclic state)
Next, we consider the cyclic pair potential,

�ðkÞ ¼ �ð�yz þ !�zx þ !�1�xyÞ ð42Þ

¼ �ð�2 þ !�3 þ !�1�1ÞUT; ð43Þ
which yields the odd-frequency pairing correlation,

Foddðk; i!nÞ ¼
�i!n�

ZN
½�2 þ !�3 þ !�1�1; ~�k � ~��� UT: ð44Þ

The pairing correlation function involves the phase factors l ¼ ð1; !; !�1Þ. The results of the decomposition are given by

Foddðk; i!nÞ ¼
�2i!n�

ZN

�
iffiffiffi
5

p ½ð�k;4 þ
ffiffiffi
3

p
�k;5ÞJ1 þ !ð�k;4 �

ffiffiffi
3

p
�k;5ÞJ2 � 2!�1�k;4J3�

� i

2
ffiffiffi
5

p ½ð�k;4 þ
ffiffiffi
3

p
�k;5ÞW1 þ !ð�k;4 �

ffiffiffi
3

p
�k;5ÞW2 � 2!�1�k;4W3�

� i

2
½ð�k;5 �

ffiffiffi
3

p
�k;4ÞW4 þ !ð�k;5 þ

ffiffiffi
3

p
�k;4ÞW5 � 2!�1�k;5W6�

þ iffiffiffi
5

p ½�k;1ðJ2 þ 2W2Þ � �k;3ðJ3 þ 2W3Þ

þ !ð�k;2ðJ3 þ 2W3Þ � �k;1ðJ1 þ 2W1ÞÞ

þ !�1ð�k;3ðJ1 þ 2W1Þ � �k;2ðJ2 þ 2W2ÞÞ�
�
; ð45Þ

which consists of both the triplet and septet components. The
last three terms indicate the terms proportional to 4J3i � 7Ji
inherent to the time-reversal odd product.

5. Discussion

Historically, Berezinskii16) proposed the pair potential
belonging to odd-frequency symmetry class (odd-frequency
superconductivity=superfluidity). Today, however, we know
that spatially uniform single-band odd-frequency super-
conductivity is impossible.30) In Fig. 1, we compare
characters of an odd-frequency Cooper pair in a single-band
superconductor and those in a multi-band=orbital super-
conductor. In the case of single-band, an odd-frequency

Cooper pair appears as a subdominant pairing correlation
which localizes various places such as a vortex core, a
surface and a junction interface to another material as shown
in Fig. 1(a). The odd-frequency pairing correlations in these
cases describe the local deformation of the superconducting
condensate.31) A spin-triplet s-wave Cooper pair generated by
the exchange potential in a ferromagnet32) is the most well-
known example of an odd-frequency pair. The exchange
potential polarizes and flips spin of an electron, which causes
the symmetry conversion between spin-singlet and spin-
triplet. At a surface of an unconventional superconductor,
Andreev bound states appear due to the sign change of the
pair potential. The surface breaks inversion symmetry locally
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and generates an odd (even)-parity Cooper pair from an even
(odd)-parity pair in the bulk.17,31) Majorana fermion which is
a quasiparticle at a specialized Andreev bound state also
accompanies an odd-frequency pair.33) As far as we know, an
odd-frequency pair exhibits paramagnetic response to an
external magnetic field.25,34,35) Thus the appearance of an
odd-frequency pair drastically modifies local magnetic
properties such as the surface impedance of a junction35)

and the magnetic susceptibility of a small unconventional
superconductor.36)

In contrast to single-band superconductors, the odd-
frequency pairing correlation exists as a part of the uniform
ground state24) as shown in Fig. 1(b). With the following
exceptions, the nature of an odd-frequency pair in the bulk is
not yet well understood. An odd-frequency pair suppresses
Tc

25) because it decreases the pair density and the
condensation energy. Odd-frequency pairs induced in the
bulk are known to stabilize the Josephson π-state.23,37) At
present, we have never known any properties of a chiral odd-
frequency pair discussed in Sect. 4. Investigation in such a
direction would make it possible to understand physics of a

quasiparticle on BFS. Finally, we found in a very recent
paper that the authors mention only the relation between an
odd-frequency pair and a quasiparticle on the BFS.38) The
characters of an odd-frequency pair were not discussed at all.

6. Conclusion

We discussed a relationship between a quasiparticle on the
BFS and an odd-frequency Cooper pair in a two-band=orbital
superconductor which breaks time-reversal symmetry. By
solving the Gor’kov equation analytically, we find that a
quasiparticle on the BFS accompanies an odd-frequency
Cooper pair characterized by chirality. We also analyze
symmetry of odd-frequency pairs which are induced in a
cubic superconductors.
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Appendix: Decomposition Formulae for Odd-
Frequency Pairs

Here we summarize the decomposition of odd-frequency
pairing correlation function into triplet and septet compo-
nents in j ¼ 3=2 superconductors with cubic symmetry. We
used the following relations

�1�2 UT ¼ � iffiffiffi
5
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5
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in Eqs. (38), (41), and (45).
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