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Disappearance of ensemble-averaged Josephson current
in dirty superconductor-normal-superconductor junctions of d-wave superconductors

Yasuhiro Asano*
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 12 January 2001; revised manuscript received 12 March 2001; published 12 June 2001!

We discuss the Josephson current in superconductor/dirty normal conductor/superconductor junctions,
where the superconductors havedx22y2 pairing symmetry. The low-temperature behavior of the Josephson
current depends on the orientation angle between the crystalline axis and the normal of the junction interface.
We show that the ensemble-averaged Josephson current vanishes when the orientation angle isp/4 and the
normal conductor is in the diffusive transport regime. Thedx22y2-wave pairing symmetry is responsible for this
fact.
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I. INTRODUCTION

In recent years, the Josephson effect between the an
tropic superconductors has attracted much attention bec
the high-Tc superconductors might have thedx22y2 pairing
symmetry.1,2 In anisotropic superconductors, the sign of t
pair potential depends on the direction of a quasipartic
motion. As a consequence, the zero-energy states3 ~ZES! are
formed at the normal-metal/superconductor~NS! interface
when the potential barrier at the interface is large enou
The ZES are sensitive to the orientation angle between
crystalline axis of the high-Tc superconductors and the no
mal of the junction interface. The zero-bias conductan
peak, which is due to the ZES, is observed in conducta
spectra of N/I/d-wave superconductor junctions and the pe
height is maximum when the orientation angle isp/4.4 Here
I is the insulator. In superconductor-insulator-supercondu
~SIS! junctions, the ZES dominate the dc Josephson ef
and the low-temperature anomaly in the Josephson cur
has been discussed in a number of theoretical works.5–12 In
experiments, it seems to be difficult to fabricate clean S
and superconductor-normal-superconductor~SNS! junctions.
Thus it is important to understand the effects of disorder
the Josephson current. So far it has been pointed out tha
roughness at the interface suppresses the low-temper
anomaly of the Josephson current in SIS junctions.5,8,9

In this paper, we study the dc Josephson effect
superconductor/normal conductor/superconductor junctio
where the superconductors have thedx22y2-wave pairing
symmetry and the normal metal is in the diffusive transp
regime. We analytically derive the Josephson current in d
SNS junctions based on a formula13 in which the Josephson
current is calculated from the two Andreev reflecti
coefficients.14 We show that the ensemble-averaged Jose
son current vanishes when the orientation angle isp/4. The
analytic results are confirmed by a numerical simulation
using the recursive Green-function method.15 Throughout
this paper we take units ofkB5\51, where kB is the
Boltzmann constant.

This paper is organized as follows. In Sec. II, we der
the general expression of the Josephson current in SNS j
tions. In Sec. III, we discuss the Josephson current in d
SNS junctions. The discussion is given in Sec. IV. We su
marize this paper in Sec. V.
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II. JOSEPHSON CURRENT FORMULA

Let us consider the two-dimensional SNS junction
shown in Fig. 1, where the length of the normal metal isLN
and the width of the junction isW. The pair potential in the
momentum space is schematically depicted in the super
ductors. In thedx22y2-wave superconductor, thea axis points
in the direction in which the amplitude of the pair potent
takes its maximum. The angle between thex direction and
the a axis is aL (aR) in the superconductor on the lef
~right-! hand side. We assume that the effective mass~m! of
an electron and the Fermi energy (mF5kF

2/2m) are common
in the superconductors and the normal conductor, wherekF
is the Fermi wave number. We describe the SNS junction
using the Bogoliubov-de Gennes equation16

E dr 8Fd~r2r 8!h0~r 8! D~r ,r 8!

D* ~r ,r 8! 2d~r2r 8!h0~r 8!
GFu~r 8!

v~r 8!
G

5EFu~r !

v~r !
G , ~1!

h0~r !52
¹2

2m
1U~r !2mF , ~2!

U~r !5Vb@d~x!1d~x2LN!#1(
i 51

Ni

v Id~r2r i !, ~3!

where the first term in Eq.~3! is the barrier potential at the
NS interface and the second term is the impurity potentia
the normal metal. The energy of a quasiparticle~E! is mea-
sured from the chemical potential of the junction. The p
potential can be described by the Fourier representation

FIG. 1. The SNS junction of thed-wave superconductor is il-
lustrated. The orientation angle in the left~right! superconductor is
aL (aR).
©2001 The American Physical Society11-1
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D~R,r2r 8!5
1

~2p!2E E dkD~k!eik(r2r8), ~4!

where we assume that the pair potential is uniform in
superconductors and neglect the dependence ofD on R5(r
1r 8)/2. The s-wave superconductor is characterized
D(k)5Deiw j . Thedx22y2-wave superconductor is characte
ized by

D~k!5Deiw jcos~2a j22g!, ~5!

eig5cosg1 i sing5~kx1 iky!/kF , ~6!

whereD is the uniform amplitude of the pair potential, an
w j anda j with ( j 5L or R) are the phase of the pair pote
tial and the orientation angle, respectively.6 At the Fermi
surface, the wave number in thex direction iskx and the one
in the y direction is ky . In the normal conductor, the pa
potential is set to be zero.

We calculate the Josephson current by using the Furus
Tsukada formula6,13

J5eT(
vn

(
ky

F uDL
1ua1~ky ,vn!

VL
1

2
uDL

2ua2~ky ,vn!

VL
2 G , ~7!

D j
65D cos 2~a j7g!, ~8!

V j
65Avn

21~D j
6!2, ~9!

with j 5L or R. Here T and vn5(2n11)pT are the tem-
perature and the Matsubara frequency, respectively.

FIG. 2. The reflection coefficients in~a! contribute to the Jo-
sephson current proportional to sin(wL2wR). The Josephson curren
calculated from the four reflection coefficients in~a! is summarized
in a reflection process in~b!.
01451
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wave number in they directionky specifies the propagatin
channel and the number of propagation channels for e
spin is Nc[WkF /p. The coefficients a1(ky ,vn) and
a2(ky ,vn) are the analytic continuation (E→ ivn) of the
reflection coefficients of a quasiparticle from the left sup
conductor to the left superconductor. The Andreev reflect
coefficient from the electron~hole! channels to the hole
~electron! channels is denoted bya1 (a2). In the presence of
the time-reversal symmetry, the Josephson current can
decomposed into the series of

J5 (
m51

`

Jm sin~mw!, ~10!

wherew5wL2wR . In this paper, we neglect the series ofJm
for m>2. This approximation is justified in the presence
the high potential barrier at the NS interface. In Fig. 2~a!, we
show the four reflection processes ofa1 anda2 that contrib-
ute to J1. In order to estimatea1 and a2, we calculate the
transmission and the reflection coefficients of the single
interface for fixedky . The sixteen coefficients are obtaine
from the continuity condition of the wave function at the N
interface since there are four incoming and four outgo
channels for eachky . In Appendix A, we show eight trans
mission and four reflection coefficients, which are requir
in the following calculation. The Andreev reflection coeffi
cients in Fig. 2~a! are estimated as

a1
(1)~ky ,vn!5(

ky8
tSN
hh~ky ,aL ,wL!tky ,k

y8
h

3r NN
he ~ky8 ,aR ,wR!tk

y8 ,ky

e
tNS
ee~ky ,aL ,wL!,

~11!

a1
(2)~ky ,vn!5(

ky8
tSN
he~ky ,aL ,wL!tky ,k

y8
e

3r NN
eh ~ky8 ,aR ,wR!tk

y8 ,ky

h
tNS
he~ky ,aL ,wL!,

~12!

a2
(1)~ky ,vn!5(

ky8
tSN
ee~ky ,aL ,wL!tky ,k

y8
e

3r NN
eh ~ky8 ,aR ,wR!tk

y8 ,ky

h
tNS
hh~ky ,aL ,wL!,

~13!

a2
(2)~ky ,vn!5(

ky8
tSN
eh~ky ,aL ,wL!tky ,k

y8
h

3r NN
he ~ky8 ,aR ,wR!tk

y8 ,ky

e
tNS
eh~ky ,aL ,wL!,

~14!

wheretk
y8 ,ky

e(h)
is the transmission coefficient of the electronlik

~holelike! quasiparticle in the normal conductor, andky8 in-
1-2
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dicates the propagating channel at the right NS interface.
transmission coefficients in the normal metal are descri
by

tk
y8 ,ky

e
5 ivF cosge2 ikF cosg8LNE

0

W

dyE
0

W

dy8

3Gvn
~LN ,y8;0,y!xk

y8
* ~y8!xky

~y!, ~15!

tky ,k
y8

h
52 ivF cosg8eikF cosg8LNE

0

W

dyE
0

W

dy8

3G2vn
~LN ,y8;0,y!xky

* ~y!xk
y8
~y8!, ~16!

whereGvn
(r ,r 8) is the Green function of the normal condu

tor, vF is the Fermi velocity, andxky
(y) is the wave function

in they direction belonging to the channel specified byky .17

In this paper, we assume that the NS interface is sufficie
clean so thatky is conserved while the transmission and t
reflection are at the interface. Ina1

(1) in Eq. ~11!, a quasipar-
ticle wave is initially incident into the normal part from th
left superconductor through the channel specified byky . Af-
ter the Andreev reflection at the right NS interface, we
sume that the reflected wave transmits to the left superc
ductor through the initial channel ofky because of the retro
property of a quasiparticle under the time-rever
symmetry.18 The two Andreev reflection coefficients in Eq
~7! are given bya15a1

(1)1a1
(2) anda25a2

(1)1a2
(2) , respec-

tively. By using the transmission and the reflection coe
cients in Appendix A, the following equations can be d
rived,

(
ky

F uDL
1u

VL
1

a1
(1)2

uDL
2u

VL
2

a2
(2)G52i (

ky ,ky8
P1 , ~17!

(
ky

F uDL
1u

VL
1

a1
(2)2

uDL
2u

VL
2

a2
(1)G522i (

ky ,ky8
P2 , ~18!

with

P1[r NN
eh ~ky ,aL ,wL!tky ,k

y8
h

r NN
he ~ky8 ,aR ,wR!tk

y8 ,ky

e
, ~19!

P2[r NN
he ~ky ,aL ,wL!tky ,k

y8
e

r NN
eh ~ky8 ,aR ,wR!tk

y8 ,ky

h
. ~20!

The Josephson current in Eq.~7! can be written as

J52ieT(
vn

(
ky ,ky8

~P12P2!. ~21!

Equation~21! corresponds to the reflection processes sho
in Fig. 2~b!. After a little algebra, we find the final expres
sion of the Josephson current,

J54e sinwT(
vn

(
ky ,ky8

Q~ky ,aL!Q~ky8 ,aR!T~ky ,ky8!,

~22!
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T~ky ,ky8![tky ,k
y8

h
tk

y8 ,ky

e
5t

2ky ,2k
y8

e
t

2k
y8 ,2ky

h
, ~23!

Q~ky ,a j ![
cos2gD j

2K j
1

J j
, ~24!

J j[Z2~D j
1D j

21K j
1K j

2!1cos2gD j
1D j

2 ,
~25!

K j
6[V j

62uvnu, ~26!

whereZ5mVb /kF represents the strength of the barrier p
tential. In what follows, we consider the high potential ba
rier at the NS interface~i.e., Z@1). We note thatQ(ky ,a j )
is proportional to the Andreev reflection coefficient at the N
interface. Equations~21! and~22! are the general expression
of the Josephson current proportional to sinw. It is possible
to apply these expressions to various junctions if the tra
mission coefficients in the normal part can be calculated

III. DIRTY SNS JUNCTIONS

When the normal conductor is in the diffusive transp
regime,tk

y8 ,ky

e(h)
is almost independent of the propagating cha

nels,

^T~ky ,ky8!&→^teth&, ~27!

where ^•••& means the ensemble average and••• is the
average over the propagation channels. The transmission
efficients are approximately given by

^teth&5
vF

2

2Nc
2E0

W

dyE
0

W

dy8X~LN ,y;0,y8!, ~28!

X~r ,r 8![^Gvn
~r ,r 8!G2vn

~r ,r 8!&. ~29!

In the diffusive regime, the functionX(r ,r 8) for small vn
satisfies the diffusion equation,

t0~2uvnu2D0¹ r
2!X~r ,r 8!'2pN0t0d~r2r 8!, ~30!

whereD0 , t0, andN0 are the diffusion constant, the mea
free time, and the density of states at the Fermi energy
unit area for each spin degree of freedom, respectively.
propagating process in the normal conductor is diagramm
cally illustrated in Fig. 3, where the cross represents the
purity scattering. We solve Eq.~30! and show the results in
Appendix B. The averaged transmission coefficients are

FIG. 3. The propagation process in the diffusive normal cond
tor is diagrammatically illustrated. The cross represents the im
rity scattering.
1-3
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YASUHIRO ASANO PHYSICAL REVIEW B 64 014511
^teth&5S 1

Nc
D 2

gN

ln

sinhln
, ~31!

where ln5A2n11LN /jD , jD5AD0/2pT is the coherence
length, andGN[(2e2/h)gN is the conductance in the norm
metal. The ensemble-averaged Josephson current in
SNS junctions is calculated by using Eqs.~22! and ~31!,

^J~aL ,aR!&5eT(
vn

N~aL!N~aR!gN

ln

sinhln
, ~32!

N~a j ![E
2p/2

p/2

dg
cos3gD j

2K j
1

J j
, ~33!

where we replace the summation(ky
by the integration

(Nc/2)*2p/2
p/2 dg cosg. When the orientation angles are ze

~i.e., aL,R50), the ensemble-averaged critical current
units of pD0 /eRJ is given by,

^J̄~0,0!&5
9

25

D

D0
T(

vn

D

vn
21D2

ln

sinhln
, ~34!

where the resistance of the junction is described by

RJ5F2e2

h

4

9

gN

Z4G21

, ~35!

andD0 is the amplitude of the pair potential atT50. In the
case of thes-wave junctions, the numerical factor925 in Eq.
~34! is replaced by 1 and the expression is identical to tha
the Usadel equation.19 In recent studies~Refs. 20 and 21, and
references therein!, it is pointed out that the results in Ref. 1
are not correct in the low-temperature regime and the n
sinusoidal current-phase relation is observed. In these s
ies, the electron transmission at the NS interface is per
and the higher harmonics contribute to the Josephson
rent. In our results, the amplitude of the Josephson cur
takes its maximum atw5p/2 for all temperature regime
because of the potential barrier at the NS interface.

WhenaL,R5p/4, we find thatN(p/4)50, therefore,

^J̄~p/4,p/4!&50. ~36!

This is becauseKL,R
1 and JL,R are even functions ofg,

whereasDL,R
2 52D sin 2g is an odd function ofg in Eq.

~33!. The symmetry of the pair potential is responsible
the disappearance of the ensemble-averaged Josephso
rent.

When the orientation angle isp/8, the averaged critica
current results in

^J̄~p/8,p/8!&5
9p2

512

D

D0
T(

vn

D

vn
21D2/2

ln

sinhln
. ~37!

The condition for the ZES~i.e.,D j
1D j

2,0) is satisfied in the
range ofp/8<ugu<3p/8 in Eq.~33!. For the same reason a
with the case ofaL,R5p/4, the contribution from this range
becomes zero. In Eq.~37!, the integration in the range of 0
<ugu<p/8 in Eq.~33! contributes to the averaged Josephs
01451
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current. We conclude that the ZES do not contribute to
averaged Josephson current in dirty SNS junctions of
d-wave superconductor.

In Figs. 4~a! and 4~b!, we show the numerical results o
the Josephson current atw5p/2 by using the recursive
Green-function method on the two-dimensional tight-bindi
model,15 whereD050.01mF , LN5100a0 , W530a0, anda0

is the lattice constant. The mean free path (l ) is about 6.2a0.
The numerical results foraL,R50 andp/4 are shown in Fig.
4~a! and 4~b!, respectively. The dependence ofD on T is
described by the BCS theory. The lines are the Joseph
current for several samples with different random configu
tions and the open circles denote the ensemble averag
Fig. 4~a!, the results for all samples increase with decreas
temperature and the averaged Josephson current agrees
the analytic results in Eq.~34! which are plotted in Fig. 4~c!,
where a parameterLN /jDuT5Tc

57.6 is estimated from the
numerical simulation. In Fig. 4~b!, the averaged Josephso
current is almost zero foraL,R5p/4 as is predicted in Eq
~36!. This fact, however, does not mean the absence of
Josephson current in experiments for a single sample.
sign of the Josephson current is either positive or nega
depending on the random configuration anduJu of a single
sample increases rapidly with decreasing temperature
shown in Fig. 4~b!. These results indicate the importance
the mesoscopic fluctuations in the Josephson current.22,23 In
Eq. ~27!, we assume that̂T(ky ,ky8)& is independent ofky

andky8 . In other words, the transmission coefficients are i
tropic in the momentum space. In order to explain the n
merical results in Fig. 4~b!, we have to consider a sample

FIG. 4. The Josephson current in dirty SNS junctions is sho
as a function of the temperatures. The numerical results foraL,R

50 andp/4 are plotted in~a! and ~b!, respectively. The lines are
the numerical results of several samples with different random c
figurations and the open circles are the average over a numb
samples. For comparison, we show the analytical results foraL,R

50 in ~c! and forp/4 in ~d!.
1-4
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specific anisotropy in the transmission coefficients. Here
introduce the anisotropy in a simple function,

T~ky ,ky8!→^teth&@11 f 1dky ,k1
dk

y8 ,k1
1 f 2dky ,k2

dk
y8 ,2k2

#,

~38!

wheref 1 and f 2 are positive numerical factors much small
than unity. In Eq.~38!, we consider the situation where th
two elementsT(k1 ,k1) and T(k2 ,2k2) are slightly larger
than the average. By using Eq.~38!, the Josephson current i
a single sample withaL,R5p/4 results in

J̄~p/4,p/4!5
D

D0
T(

vn

ln

sinhln
@ f 1Y~g1!2 f 2Y~g2!#,

~39!

Y~g![
3

4

D cos6g sin22g

F uvnu1
D

2Z2
cos2gusin 2guG 2 . ~40!

The denominator of Eq.~40! approaches zero in the limit o
vn→0, andZ@1, which reflects the ZES at the NS inte
face. In Fig. 4~d!, we plot the analytical results in Eq.~39!
for several choices off 1 , f 2 , g1 , andg2, where f 1 and f 2
are of the order of 1022. Some of the results show nonmon
tonic temperature dependence, and others change the
with decreasing temperature as shown in both Figs. 4~b! and
~d!. The analytical results explain the numerical resu
These results indicate the enhancement of the mesosc
fluctuations of the Josephson current in the limit ofT→0.

IV. DISCUSSION

In Sec. III, we calculateT(ky ,ky8) by solving the diffusion
equation, Eq.~30!. The conclusion in Eq.~36! is independent
of the detail of the approximation. In the diffusive condu
tors, ^T(ky ,ky8)& are independent ofky andky8 . The conclu-
sion in Eq.~36! always holds when̂T(ky ,ky8)& is isotropic in
the momentum space because the integration with respe
g at the two NS interfaces can be carried out independe
in Eq. ~22!. For this reason, we derive an equation for t
dirty SNS junctions,

^J~aL ,p/4!&5^J~p/4,aR!&50 ~41!

for any aL andaR . We also derive relations

^J~aL ,aR!&5^J~aL ,2aR!&

5^J~2aL ,aR!&5^J~2aL ,2aR!& ~42!

because the zero-energy states do not contribute to the
semble average of the Josephson current.

In the s-wave SNS junctions, the amplitude of the flu
tuations is dJc5(eEc /\)Cd , where Ec5\D0 /LN

2 is the
Thouless energy of the normal conductor andCd is a con-
stant of the order of unity.22 The amplitude of the fluctua
tions in the Josephson current foraL,R50 at T50 is ex-
pected to be proportional to the Thouless energy and dep
on the sample size since the characteristic features of
01451
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Josephson current are essentially the same as those i
s-wave junctions. On the other hand, the fluctuations
aL,R5p/4 in Fig. 4~b! are mainly due to the ZES at th
interfaces and strongly depend onZ andT as shown in Eq.
~40! and Fig. 4~d!. Though the average of the Josephs
current is zero, the fluctuations foraL,R5p/4 can be larger
than those foraL,R50. Further theoretical investigations a
necessary to understand the amplitude of the fluctuation

The impurities in the normal metal may suppress the p
potentials near the NS interfaces because the normal imp
ties break a Cooper pair in the anisotropic superconduct
The pair potential should be determined self-consistently
such situations. So far in SIS junctions, Tanaka a
Kashiwaya24 calculated the Josephson current where the p
potentials were determined in a self-consistent way and c
pared it with the Josephson current obtained in a non-s
consistent manner. Their results show that there are no q
tative differences in the Josephson current between the
methods. In their study, the pair breaker is the insulator. T
pair breaker in the present paper is the impurities in the n
mal metal. Though the origin of the pair break is different
the two systems, the suppression of the pair potentials,
therefore, the suppression of the Josephson current are
sidered to be the common consequence when we deter
the pair potential self-consistently. Thus it may be possi
to infer that the Josephson current in real SNS junctio
would be smaller than that of the present paper. The s
consistent study has to be done to discuss the amplitud
the Josephson current quantitatively. However the main c
clusion in Eq.~36! is not sensitive to the profile of the pa
potential because thed-wave symmetry is responsible for th
disappearance of the averaged Josephson current. The i
rities may also modify the symmetry of the pair potentials.
the finite values of the averaged Josephson current are
served in experiments, such results might be evidence for
change of the pairing symmetry due to the impurities. This
because thed-wave component of the pair potentials do
not contribute to the averaged current fora5p/4.

The sign change of the pair potential on the Fermi s
face, which is a characteristic feature of the anisotropic
perconductors, leads to the disappearance of the Josep
current. Thus the conclusion in Eq.~36! may be applied to
the SNS junctions of the superconductors withp-wave pair-
ing symmetry such as UPt3 for certain orientation angles
between the junction interface normal and the node lines
the pair potentials. An investigation in this direction is no
in progress.

V. CONCLUSION

In conclusion, we analytically derive the general expre
sion of the Josephson current in SNS junctions of thed-wave
superconductors. In dirty SNS junctions, we show that
ZES do not contribute to the ensemble-averaged Josep
current because of the symmetry of the pair potential.
particular, when the orientation angle of thed-wave super-
conductor isa5p/4, the ensemble-averaged Josephson c
rent vanishes. The critical current of a single sample, ho
1-5
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ever, remains finite, which indicates an importance of
mesoscopic fluctuations of the Josephson current.
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APPENDIX A: TRANSMISSION AND REFLECTION
COEFFICIENTS

We derive the transmission and reflection coefficients
the NS interface atx50 as shown in Fig. 5. In what follows
we calculate the coefficients after analytic continuationE
→ ivn) for vn.0 and we assume thatD!mF . In the nor-
mal metal, the wave function of the quasiparticle withky
5kF sing can be described by
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whereā andb̄ (Ā andB̄) are the amplitudes of the incomin
~outgoing! waves in the electron and hole channels, resp
tively. The wave function in they direction isxky

(y), p6

5kF cosg6ivn /vF cosg, andvF5kF /m is the Fermi veloc-
ity.

In the same way, the wave function in the superconduc
is given by
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1S uL

1

vL
1D eik1x1 d̄FL

2S vL
2

uL
2D e2 ik2

* x

1C̄FL
2S uL

2

vL
2D e2 ik2x1D̄FL

1S vL
1

uL
1D eik1

* xG
3xky

~y!, ~A2!

where ḡ and d̄ (C̄ and D̄) are the amplitudes of incomin
~outgoing! waves in the electron and hole channels, resp
tively. We define that

FIG. 5. The transmission and the reflection coefficients at
left NS interface. There are four incoming and outgoing channe
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wherej 5L or R. The phase and the sign of the pair potent
is considered in the matrix

F j
65S ei (w j 1f̄g

6)/2 0

0 e2 i (w j 1f̄g
6)/2D , ~A8!

whereei f̄g
6

5sgn(D6). The two wave functions satisfy th
continuity condition at the left NS interface~i.e., x50 and
a j5aL),
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From Eqs.~A9! and ~A10!, the amplitudes of the outgoing
waves are connected with those of the incoming waves.
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We explicitly show 10 coefficients that are required for c
culating the Josephson current,
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These coefficients are a function ofky , aL , andwL . On the
derivation, we use the approximationk65p65kF cosg,
where we assume thatvn!mF .

The reflection coefficients at the right NS interface a
obtained in the same way. The two Andreev coefficients
given by

r NN
he ~ky ,aR ,wR!52 iQ~ky ,aR!e2 iwR, ~A29!

r NN
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APPENDIX B: SOLUTION OF THE DIFFUSION
EQUATION

In this paper, we consider the low-temperature regimeT
,Tc;102321024mF and the diffusive transport regim
1/mFt0;102121022. Thus a relation 2pTt0,1 is satis-
fied. In these regimes, we solve the diffusion equation

t0~2uvnu2D0¹ r
2!X~r ,r 8!'2pN0t0d~r2r 8!, ~B1!

under the appropriate boundary condition.25,26 The right-
hand side of Eq.~B1! corresponds to the first term in Fig. 3
which can be calculated to be
01451
re

N0

vFr
e2r /l , ~B2!

wherel 5vFt0 is the mean free path andr 5ur2r 8u. In Eq.
~B1!, we replace this function by thed function in two di-
mensions because the smallest length scale in the diffu
equation isl . The functionX(r ,r 8) is the Green function of
the Schro¨dinger-type equation

D0¹2f ~r !5l f ~r !. ~B3!

The normal conductor is separated by the high potential b
rier at the two NS interfaces and there is no current flow
the y direction. In such situations, we solve Eq.~B3! under
the boundary conditions,

] f ~r !

]x U
x50,LN

50, ~B4!

] f ~r !

]y U
y50,W

50. ~B5!

The functionX(r ,r 8) is represented by
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Next we calculate the function

E
0

W
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where ln5A2n11LN /jD and jD5AD0/2pT is the coher-
ence length. Finally the averaged transmission coefficie
are
1-7



e
Eq

on
e

f

the

YASUHIRO ASANO PHYSICAL REVIEW B 64 014511
^teth&5S 1

Nc
D 2
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ln

sinhln

1

2uvnut0
, ~B10!

wheregN52pN0D0W/LN is the dimensionless conductanc
of the normal metal for each spin degree of freedom. In
~B10!, ^teth& seems to be singular in the limit ofvn→0. We
note that the singularity is stemming from the boundary c
dition in Eq. ~B4!. When there is no potential barrier at th
NS interface, we apply the boundary conditionf (r )ux50,LN

50 instead of Eq.~B4! and obtain
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,

~B11!

where the integration with respect toy andy8 is carried out
at x5LN1l /A2 andx852l /A2. Since the propagation o
01451
.

-

a quasiparticle in the normal conductor is not sensitive to
boundary condition at the NS interface andNc

2^teth& is close
to gN in the limit of vn→0, we regularize Eq.~B10! by
introducing the cutoff,

^teth&5S 1

Nc
D 2

gN

ln

sinhln
F~2uvnut0!, ~B12!

F~x!5Q~12x!1Q~x21!
1

x
, ~B13!

where Q(x) is the step function. Sincêteth& decays as
exp(2A2n11LN /jD), the contributions from smalln are
dominant in the summation with respect tovn in Eq. ~32!.
Thus in most cases,F(2uvnut0) is unity.
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